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VOLUME AND HOMOLOGY FOR HYPERBOLIC 3-ORBIFOLDS, I
PETER B. SHALEN
Abstract. Let M be a closed, orientable, hyperbolic 3-orbifold whose singular set is a link,
and such that pi1(M) contains no hyperbolic triangle group. We show that if the underlying
manifold |M| is irreducible, and |M˜| is irreducible for every two-sheeted (orbifold) covering
M˜| of M, and if volM ≤ 1.72, then dimH1(M;Z2) ≤ 15. Furthermore, if volM ≤ 1.22
then dimH1(M;Z2) ≤ 11, and if volM ≤ 0.61 then dimH1(M;Z2) ≤ 7. The proof is an
application of results that will be used in the sequel to this paper to obtain qualitatively
similar results without the assumption of irreducibility of |M| and |M˜|.
1. Introduction
It is a standard consequence of the Margulis Lemma [6, Chapter D] that an upper bound
on the volume of a closed hyperbolic 3-orbifold M imposes an upper bound on the rank of
pi1(M), and hence on the dimension of H1(M;Zp) for any prime p. In [2], [3], [22], and [23],
for the case of a closed, orientable hyerbolic 3-manifold M , relatively small upper bounds for
volM are shown to imply explicit bounds for dimZ2 H1(M ;Z2) that are close to being sharp.
The purpose of this paper and its sequel [40] is to provide explicit bounds for hyperbolic 3-
orbifolds that are not manifolds and are subject to relatively small upper bounds on volume;
like the bounds given in [2], [3], [22], and [23], the bounds given here, when they apply, will
improve the naive bounds by several orders of magnitude.
The approach used here to bounding the dimension of the Zp-vector space H1(M;Z2), where
M is a closed, orientable hyperbolic 3-orbifold whose volume is subject to a given bound,
is to begin by finding bounds for dimZ2 H1(|M|;Z2) and dimZ2 H1(|M˜|;Z2), where M˜ is an
arbitrary two-sheeted covering orbifold of M, and absolute value signs denote the underlying
space of an orbifold. (If M is an orientable 3-orbifold then |M| is a 3-manifold.) In the
case where the singular set of M is a link, these bounds can be parlayed into bounds for
dimH1(|M|;Z2) by means of the following result, which is proved in the body of this paper
as Proposition 10.1; the proof is an application of the Smith inequalities.
Proposition A. Let M be a closed, orientable, hyperbolic 3-orbifold whose singular set is a
link. Then M is covered with degree at most 2 by some orbifold M˜ such that
dimZ2 H1(M;Z2) ≤ 1 + dimZ2 H1(|M˜|;Z2) + dimZ2 H1(|M|;Z2).
In the present paper we establish the following result, which provides bounds for dimH1(M ;Z2)
in certain situations, and is proved in the body of the paper as Proposition 9.3:
Partially supported by NSF grant DMS-1207720.
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Proposition B. Let M be a closed, orientable, hyperbolic 3-orbifold containing no embedded
negative turnovers (see 2.31). Suppose that M := |M| is irreducible. Then the following
assertions are true.
• If the singular set of M is a link and vol(M) ≤ 3.44 then dimH1(M ;Z2) ≤ 7.
• If the singular set of M is a link and vol(M) ≤ 1.22, then dimH1(M ;Z2) ≤ 3.
• If the singular set of M is a link and vol(M) < 1.83, then dimH1(M ;Z2) ≤ 6.
• If vol(M) < 0.915, then dimH1(M ;Z2) ≤ 3.
The hypothesis in Proposition B that M is irreducible is not a particularly natural one, and
as we shall explain below, the main importance of Proposition B is that it (or the main
result used in proving it) gives information about orbifolds whose underlying manifolds may
be reducible. However, as a by-product, Propositions A and B yield the following result,
which relates volM and dimH1(M;Z2) for certain hyperbolic 3-orbifolds M, and is proved
in the body of the paper as Proposition 10.2:
Proposition C. Let M be a closed, orientable, hyperbolic 3-orbifold whose singular set
is a link, and such that pi1(M) contains no hyperbolic triangle group. Suppose that |M|
is irreducible, and that |M˜| is irreducible for every two-sheeted (orbifold) covering M˜| of
M. If volM ≤ 1.72 then dimH1(M;Z2) ≤ 15. Furthermore, if volM ≤ 1.22 then
dimH1(M;Z2) ≤ 11, and if volM ≤ 0.61 then dimH1(M;Z2) ≤ 7.
In [40], we will obtain analogues of Propositions B and C that do not involve the hypothesis
that the underlying manifold of M or of its two-sheeted coverings is irreducible. These results
will involve stronger upper bounds on volume than those assumed in Proposition B or C,
and will yield weaker upper bounds on the rank of homology. For example, the analogue
of Proposition B will imply that if a closed orientable hyperbolic 3-orbifold M has volume
strictly less than 1.83, has a link as singular set and contains no embedded negative turnover,
then dimH1(|M|;Z2) ≤ 19. Like Proposition B, its analogue in [40] also provides stronger
upper bounds on dimH1(|M|;Z2|) in the presence of stronger upper bounds on volM. Also
in analogy with Proposition B, the conclusion becomes weaker if the assumption that the
singular set is a link is removed. The analogue of Proposition C proved in [40] will imply
that if M has volume strictly less than 0.915, has a link as singular set and contains no
embedded negative turnover, then dimH1(M;Z2) ≤ 30. As in Proposition C, stronger
upper bounds on volM give stronger upper bounds on dimH1(M;Z2). Like Proposition C,
the analogous result in [40] is deduced from the result giving a bound on dimH1(M;Z2) by
applying Proposition A, and therefore does not give information when the singular set is not
a link.
It should be pointed out that these quantitative results are different from the versions ten-
tatively stated in the expository article [41]. This confirms the statement made in [41] that
“the exact bound may ‘be slightly different when the paper is finished.”
The author’s personal interest in the problems addressed in this paper and in [40] arises in
large part from their connection with the theory of arithmetic groups. It was established in
VOLUME AND HOMOLOGY FOR HYPERBOLIC 3-ORBIFOLDS, I 3
[12], and is explained in [41], that the most difficult step in listing the arithmetic subgroups
of at most a given covolume in PGL(2,C) is to bound the dimension of the first homology
of such groups with mod 2 coefficients; this is a special case of the problem of bounding
dimH1(M;Z2), where M is an orientable hyperbolic 3-orbifold. For this application, it turns
out to be possible to restrict attention to the case where M is closed and pi1(M) contains no
triangle groups. However, the assumption in Proposition C above that the singular set is a
link is too restrictive for this application. The author hopes to obtain results in the future
that do not depend on this hypothesis.
The starting point for the proof of Proposition B is the well-known fact (essentially contained
in Proposition 5.11 of this paper) that if the irreducible manifold M = |M| itself admits a
hyperbolic structure, then volM ≤ volM. In this case, the conclusion of Proposition B can
be deduced from the results of [2], [3], and [23]. If M itself admits a hyperbolic structure,
then it follows from Perelman’s geometrization theorem [7], [16], [34], [38] that M is either
a small Seifert fibered space, in which case dimH1(M) can be shown to be at most 3, or
M contains an incompressible torus T . One can choose T within its isotopy class so that
T = |T|, where T is some incompressible 2-suborbifold of M. The challenge then becomes
to prove that if M contains an incompressible 2-orbifold whose underlying surface is a torus,
then certain upper bounds for volM imply certain upper bounds for dimH1(M ;Z2); or,
contrapositively, that certain lower bounds for dimH1(M ;Z2), together with the existence
of such a 2-suborbifold, imply certain upper bounds for volM.
For the case of a hyperbolic 3-manifold, it was shown in [4] that certain extrinsic topological
invariants of an incompressible surface give lower bounds on the hyperbolic volume of the
3-manifold. This was exploited in [19], [24], [3], and [22], to relate volume to the dimension
of the mod-2 homology. To meet the challenge described above, it is necessary to adapt
the results of [4] to the context of orbifolds. This was first done in [5]. In this paper
we need a more systematic version of the orbifold analogue of the results of [4]. The latter
results are stated in terms of the relative characteristic submanifold of the manifold obtained
by splitting a hyperbolic 3-manifold along an incompressible surface. We therefore need a
systematic version of the theory of the characteristic suborbifold of a 3-orbifold. After
preliminary material in Sections 2 and 3, the characteristic orbifold theory is developed in
Section 4 of the present paper, taking the main result of [11] as a starting point. The orbifold
analogue of the results of [4] is then carried out in Section 5.
After the largely foundational material in Sections 2—5, we proceed to material directly
related to the proof of Theorem B, which occupies Sections 6—9. The actual arguments
needed for the proof involve a slight refinement of the approach hinted at above. If M is
a closed, orientable, hyperbolic 3-orbifold, we use a certain 2-suborbifold T of M, whose
components are incompressible, and such that the components of |T| are incompressible tori
in |M|. (If |M| is a hyperbolic manifold or a small Seifert fibered space we take T = ∅.)
We then use the formalism of Section 5 to bound volM below by a certain invariant of the
orbifold M′ obtained by splitting M along T; this invariant is additive over components.
For an arbitrary component N of M′, the value of the invariant on N is bounded below
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by a constant multiple of the absolute value of the (orbifold) Euler characteristic of the
complement in N of the relative characteristic suborbifold of N. For the case of a component
N whose interior admits a hyperbolic structure, an alternative approach to estimating the
invariant is to bound it below by vol(intN); these two ways of producing lower bounds turn
out both to be useful, and to complement each other. These lower bounds for the invariant
are in turn related to mod-2 homology The details of these arguments turn out to be quite
involved, and Sections 6—9 are the heart of the paper. A major source of difficulty is that if
T is an arbitrary 2-suborbifold of M whose components are incompressible, and such that the
components of |T| are incompressible tori in |M|, then T does not necessarily yield a strictly
positive lower bound for volume by the arguments that we have described, and complicated
combinatorial arguments are needed to replace a given such suborbifold by one that is better
adapted to the purpose.
The proof of Propositions A from the Smith inequalities, and the deduction of Proposition
C from Propositions A and B, are given in Section 10.
The arguments in [40] for the general situation in which M may be reducible involve the
same basic approach, except that in place of an incompressible suborbifold T such that the
components of |T| are incompressible tori, one uses an incompressible 2-suborbifold such that
the underlying surfaces of its components are essential spheres. It then becomes necessary to
estimate the invariants defined in Section 5 for the components of the orbifold M′ obtained
by splitting M along such a suborbifold. The boundary components of |M| are spheres, and
each component of the manifold obtained from |M| by attaching 3-balls along its boundary
components is an irreducible 3-manifold. Proposition 9.2 of the present paper, which is
essentially a generalization of Proposition B, gives estimates for the values of the invariants
of Section 5 on the components of M. These provide a starting point for the very involved
combinatorial arguments given in [40].
I am grateful to Ian Agol, Francis Bonahon, Ted Chinburg, Marc Culler, Dave Futer, Tom
Goodwillie, Tracy Hall, Christian Lange, Chris Leininger, Ben Linowitz, Shawn Rafalski,
Matt Stover, and John Voight for valuable discussions and encouragement. More specifically,
Agol told me how to prove Proposition 5.11; Rafalski read some of my first efforts to write
about orbifolds and corrected a number of errors; and Hall and Goodwillie helped lead me
to the proof of Proposition3.2. Some of the work presented here was done during visits to
the Technion and the IAS, and I am also grateful to these institutions for their hospitality.
Some of the work was also supported by NSF grant DMS-1207720.
2. Conventions and Preliminaries
2.1. The set of all non-negative integers will be denoted N. The cardinality of a finite set
S will be denoted cardS. If A and B are subsets of a set, A \ B will denote the set of all
elements of A which do not belong to B. In the special case where B ⊂ A, we will often use
the alternative notation A − B. A disjoint union of sets A and B will be denoted A  B:
that is, writing X = A B means that A ∩B = ∅ and that X = A ∪B.
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2.2. If X is a topological space, we will denote by C(X) the set of all connected components
of X. I will set c(X) = card C(X).
2.3. A map f : X → Y between path-connected spaces will be termed pi1-injective if f] :
pi1(X) → pi1(Y ) is injective. (Here and elsewhere, base points are suppressed from the
notation in cases where the choice of a base point does not affect the truth of a statement.)
In general, a (continuous) map f : X → Y between arbitrary spaces X will be termed pi1-
injective if each path component C of X, the map f |C is a pi1-injective map from C to the
path component of Y containing f(C).
A subset A of a spaceX is termed pi1-injective if the inclusion map from A toX is pi1-injective.
2.4. If X is a topological space having the homotopy type of a finite CW complex, the Euler
characterisistic of X will be denoted by χ(X), and we will set
(2.4.1) χ(X) = −χ(X).
We will denote by h(X) the dimension of the singular homology H1(X;Z2) as a Z2-vector
space.
2.5. As the overview of our methods given in the introduction indicates, our argument de-
pend heavily on the interaction between properties of an orientable 3-orbifold and properties
of its underlying 3-manifold. Subsections 2.6—2.15 are devoted to conventions and results
concerning 3-manifolds that will be used in this paper. While some of the concepts involved
will be generalized to orbifolds later, emphasizing the manifold case here will help pave the
way for using the very rich literature on 3-manifolds that is available.
2.6. Let M be a (topological, PL or smooth) compact manifold. A (respectively topological,
PL or smooth) properly embedded, codimension-1 submanifold S of M will be termed
two-sided if it has a neighborhood N in M such that the pair (N,S ) is (topologically,
piecewise-linearly or smoothly) homeomorphic to (S × [−1, 1],S × {0}). If S is two-
sided, we will denote by M †S the compact space obtained by splitting M along S . If M
is a topological or PL manifold, or if M is smooth and S is closed, then M †S inherits the
structure of a topological, PL or smooth manifold respectively. We will denote by ρS the
natural surjection from M †S to M . For each component S of S , the set ρ
−1
S (S) is the union
of two components of S˜ . We will call these components the sides of S. We will denote by
τS the unique involution τ of S˜ which interchanges the sides of every component of S and
satisfies (ρ|S˜ ) ◦ τ = ρ|S˜ .
We will regard M †S as a completion of M − S ; in particular, M − S is identified with
M †S − ρ−1S (S ) (which is the interior of M †S in the case where M is closed). If X is a union
of components of M − S , its closure in M †S will be denoted X̂. Note that X 7→ X̂ is a
bijection between the components of X −S and those of X†S .
2.7. The standard 1-sphere S1 ⊂ C inherits a PL structure from R via the covering map
t 7→ e2piit, since the deck transformations t 7→ t + n are PL. This PL structure on S1 gives
rise to a PL structure on D2 by coning. When we work in the PL category, S1 and D2 will
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always be understood to have these PL structures. Note that the self-homeomorphism of S1
or D2 defined by an arbitrary element of SO(2) is piecewise linear.
2.8. From this point on, all statements and arguments about manifolds are to be interpreted
in the PL category except where another category is specified.
2.9. In large part we will follow the conventions of [28] regarding 3-manifolds. We will depart
slightly from these conventions in our use of the term “irreducible”: we define a 3-manifold
M to be irreducible if M is connected, every (tame) 2-sphere in M bounds a 3-ball in M ,
and M contains no homeomorphic copy of RP 2 × [−1, 1]. Thus M is “connected and P 2-
irreducible” in the sense of [28]. The reason for using the term “irreducible” in this stronger
sense is that, unlike the more classical definition, it coincides in the manifold case with the
definition of an irreducible orbifold to be given in Subsection 2.29.
We will use the word “incompressible” only in the context of closed surfaces. A closed surface
F in a 3-manifold M will be termed incompressible if F is two-sided and pi1-injective in M ,
and does not bound a ball in M . This is also consistent with the definition to be given below
for orbifolds.
As in [28], an irreducible 3-manifold M will be termed boundary-irreducible if ∂M is pi1-
injective in M ; by Dehn’s lemma and the loop theorem, this is equivalent to the condition
that for every properly embedded disk D ⊂M there is a disk E ⊂ ∂M such that ∂E = ∂D.
We will say that an orientable 3-manifold M is acylindrical if it is irreducible and boundary-
irreducible, and every properly embedded pi1-injective annulus in M is boundary-parallel.
A graph manifold is a closed, irreducible, orientable 3-manifold M which contains a pi1-
injective 2-dimensional submanifold T such that every component of T is a torus and every
component of M †T is a Seifert fibered space.
When A is an annulus contained in the boundary of a solid torus J , We will define the
winding number of A in J to be the order of the cyclic group H1(J,A;Z) if this cyclic group
is finite, and to be 0 if the cyclic group is infinite.
Definition 2.10. If X is a 3-manifold, we will denote by X+ the 3-manifold obtained from
X by attaching a ball to each component of ∂X which is a 2-sphere. We will say that X
is +-irreducible if X+ is irreducible. We will say that X is a 3-sphere-with-holes if X+ is a
3-sphere.
2.11. Note that if K is a compact submanifold of a compact 3-manifold N , and if every
component of ∂K is either a component of ∂N or a surface of positive genus contained in
intN , then K+ is naturally identified with a submanifold of N+.
The following slightly stronger version of [45, Corollary 5.5] will be needed in Section 5:
Proposition 2.12. Let M be a closed, irreducible, orientable 3-manifold. Let T be a closed,
orientable 2-manifold, no component of which is a sphere, and let i : T →M and j : T →M
be pi1-injective embeddings. Suppose that i and j are homotopic, and that the components of
i(T ) are pairwise non-parallel in M . Then i and j are isotopic.
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Proof. We argue by induction on c(T ). If c(T ) = 0 the assertion is trivial, and if c(T ) = 1
it is [45, Corollary 5.5]. Now suppose that an integer n ≥ 1 is given and that the result
is true whenever c(T ) = n. Let M , T , i and j be given, satisfying the hypothesis, with
c(T ) = n+ 1. We may assume without loss of generality that T ⊂M and that i : T →M is
the inclusion map. Thus T is pi1-injective. Choose a component V of T , and set T
′ = T −V .
Since j : T → M is homotopic to the inclusion, so is j′ := j|T ′ : T ′ → M . Furthermore,
T ′ is in particular pi1-injective, and c(T ′) = n. Hence the induction hypothesis implies that
j|T ′ is isotopic to the inclusion map. Thus after modifying j within its isotopy class we may
assume that j|T ′ is the inclusion. Now j|V is homotopic to the inclusion iV : V →M . Since
j and the inclusion map i are embeddings, both V and jV (V ) are disjoint from T
′.
We will show that iV and jV are isotopic by an ambient isotopy of M which is constant on
T ′. This will immediately imply that i and j are isotopic, and complete the induction.
Set W = jV (V ). We may assume after an isotopy that W and V intersect transverally. We
may further assumed that j has been chosen within its isotopy class rel T ′ so as to minimize
c(W ∩ V ), subject to the condition that W and V intersect transversally. We now claim:
(2.12.1) W ∩ V = ∅.
To prove (2.12.1), suppose that W∩V 6= ∅. Since jV and the inclusion iV are homotopic in M
and pi1-injective, it follows from [45, Proposition 5.4] that there exist connected subsurfaces
A ⊂ V and B ⊂ W , and a compact submanifold X of M , such that ∂A 6= ∅, ∂X = A ∪ B,
and the pair (X,A) is homeomorphic to (A × [0, 1], A × {0}). Since V and W are disjoint
from T ′, we have T ′ ∩ ∂X = ∅; hence every component of T ′ is either contained in intX or
disjoint from X. Note that X is a handlebody since ∂A 6= ∅. If some component U of T ′ is
contained in intX, then the inclusion homomorphism pi1(U) → pi1(X) is an injection from
a positive-genus surface group to a free group, which is impossible. Hence T ′ ∩X = ∅. On
the other hand, the properties of A, B and X listed above imply that there is an isotopy
(ht)0≤t≤1 of M , constant outside an arbitrarily small neighborhood of X, such that h0 is the
identity and c(h1(W ) ∩ V ) < c(W ∩ V ). Since T ′ ∩X = ∅, we may take (ht) to be constant
on T ′. This implies that j1V := h1 ◦ j is isotopic rel T ′ to j, and that W1 := j1V (V ) satisifies
c(W1∩V ) < c(W ∩V ). This contradicts the minimality of c(W ∩V ), and (2.12.1) is proved.
Since iV and jV are homotopic and are pi1-injective, and iV (V ) and jV (V ) are disjoint by
(2.12.1), it follows from [45, Proposition 5.4] that there exists a compact submanifold Y of M ,
and a homeomorphism η : V × [0, 1]→ Y , such that η(v, 0) = iV (v) = v and η(v, 1) = jV (v)
for every v ∈ V . Since V and W are disjoint from T ′, we have T ′ ∩ ∂Y = ∅; hence every
component of T ′ is either contained in intY or disjoint from Y . If some component U of T ′
is contained in intY , then since U is incompressible and Y is homeomorphic to V × [0, 1],
it follows from [45, Proposition 3.1] that U is parallel to each of the boundary components
of Y , and in particular to V . This contradicts the hypothesis that no two components of
T = i(T ) are parallel. Hence T ′ ∩ Y = ∅. On the other hand, the properties of Y and η
stated above imply that there is an isotopy (ht)0≤t≤1 of M , constant outside an arbitrarily
small neighborhood of Y , such that h0 is the identity and h1 ◦ iV = jV . Since T ′ ∩ Y = ∅,
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we may take (ht) to be constant on T
′. This implies that jV is isotopic rel T ′ to iV , as
required. 
The following result will also be needed in Section 5:
Proposition 2.13. Let M be a closed, irreducible, orientable 3-manifold. Let V and W be
closed, orientable surfaces of strictly positive genus, and let iV : V →M and iW : W →M be
pi1-injective embeddings such that iV (V )∩ iW (W ) = ∅. Then for any embeddings f : V →M
and g : W → M homotopic to iV and iW respectively, such that f(V ) and g(W ) meet
transversally, either (a) f(V )∩g(W ) = ∅, or (b) there exist connected subsurfaces A ⊂ f(V )
and B ⊂ g(W ), and a compact submanifold X of M , such that ∂A 6= ∅, ∂X = A ∪ B, and
the pair (X,A) is homeomorphic to (A× [0, 1], A× {0}).
Proof. According to [45, Corollary 5.5], g is isotopic to iW . Hence after modifying f and g by
a single ambient isotopy, we may assume that g = iW . We may also assume that V and W
are subsurfaces of M and that iV and g = iW are the inclusion maps. The hypothesis then
gives V ∩W = ∅. Then f(V ) meets W transversally, and after a small isotopy, constant on
W , we may assume that it also meets V transversally. We may also suppose that among all
embeddings in its isotopy class rel W , having the property that f(V ) meets V transversally,
f has been chosen so as to minimize c(f(V ) ∩ V ). Set V ′ = f(V ). Since V ′ and V are
homotopic by hypothesis, it follows from [45, Prop 5.4] that there exist (not necessarily
proper) connected subsurfaces A0 ⊂ V ′ and C ⊂ V , a compact submanifold X0 of M ,
such that ∂X0 = A0 ∪ C, the pair (X0, A0) is homeomorphic to (A0 × [0, 1], A0 × {0}), and
A0 ∩ V = ∂A0. We claim:
2.13.1. Either W ∩ A0 6= ∅, or Alternative (a) of the conclusion of the lemma holds.
To prove 2.13.1, assume that W ∩ A0 = ∅. In the case where A0 = V ′, it follows that
W ∩ V ′ = ∅, which is Alternative (a). Now suppose that A0 is a proper subsurface of
V ′, so that ∂A0 6= ∅. The properties of A, C and X0 stated above then imply that X0 is
a handlebody, and that there is an embedding f1 : V → M , isotopic to f by an ambient
isotopy which is constant on an arbitrarily small neighborhood ofX0, such that c(f(V1)∩V ) <
c(V ′ ∩ V ) = c(f(V ) ∩ V ). The assumption W ∩ A0 = ∅, together with the fact V ∩W = ∅,
implies that W is disjoint from ∂X0. Since W is a closed pi1-injective orientable surface of
positive genus, it cannot be contained in the handlebody X0. Hence W ∩X0 = ∅. We may
therefore take the asmbient isotopy between f and f1 to be constant on W . But then the
inequality c(f(V1)∩V ) < c(f(V )∩V ) contradicts the minimality property of f . Thus 2.13.1
is proved.
Next, we claim:
2.13.2. If some component of V ′ ∩W is homotopically trivial in M , then Alternative (b) of
the conclusion holds.
To prove 2.13.2, note that any homotopically trivial component of V ′∩W must bound a disk
in V ′, since V ′ is incompressible. Among all disks in V ′ bounded by components of V ′ ∩W
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choose one, A, which is minimal with respect to inclusion. Since W is also incompressible,
∂A bounds a disk B ⊂ W . The minimality of D implies that A ∩ B = ∂A, so that A ∪ B
is a 2-sphere; by irreducibility, A ∪ B bounds a 3-ball X ⊂ M . Now the pair (X,A) is
homeomorphic to (A × [0, 1], A × {0}), and hence Alternative (b) holds. Thus 2.13.2 is
established.
In view of 2.13.1 and 2.13.2, we may assume that W ∩A0 6= ∅ and that every component of
V ′ ∩W is homotopically non-trivial in M . Since W ∩ A0 6= ∅, there is a component B of
W ∩X0 with ∂B 6= ∅. We have B∩C ⊂ W ∩V = ∅, and hence ∂B ⊂ A0. In particular, each
component of ∂B is a component of V ′∩W and is therefore homotopically non-trivial in M ,
and in particular in W ; this implies that B is pi1-injective in the incompressible surface W ,
and is therefore pi1-injective in M . Thus B is a properly embedded connected, pi1-injective
surface in X0, with ∂B ⊂ A0. Since the pair (X0, A0) is homemorphic to (A0×[0, 1], A0×{0},
it now follows from [45, Proposition 3.1] that B is parallel in X0 to a subsurface A of A0.
This means that there is a submanifold X of X0 such that ∂X = A ∪ B and (X,A) is
homeomorphic to (A × [0, 1], A × {0}). We have ∂A = ∂B 6= ∅. This gives Alternative (b)
of the conclusion.

Proposition 2.14. Let L be a connected, compact, 3-dimensional submanifold of an irre-
ducible, orientable 3-manifold M . Suppose that L is pi1-injective, that every component of
∂L is a torus, and that L is not a solid torus. Then every component of ∂L is pi1-injective
in M .
Proof. Consider any component T of ∂L. Since L is pi1-injective in M , it suffices to show
that T is pi1-injective in L. If it is not, there is a properly embedded disk D ⊂ L whose
boundary does not bound a disk in T . Let Y denote a regular neighborhood of D in L. Then
Q := L− Y has a 2-sphere boundary component S, which must bound a ball B ⊂ M since
M is irreducible. We have either B ⊃ Q or B ∩Q = S. If B ⊃ Q, then Z = B ∪ Y is a solid
torus containing L and having boundary T . Since L is pi1-injective in M and is contained
in the solid torus Z, it has a cyclic fundamental group. The torus T is one component of
∂L. Since pi1(L) is cyclic, ∂L cannot have a second component of positive genus. Hence
L = Z, which contradicts the hypothesis that L is not a solid torus. On the other hand, if
B ∩ Q = S, then T ⊂ B, so that the inclusion homomorphism pi1(T ) → pi1(M) is trivial.
Since L is pi1-injective in M , the inclusion homomorphism pi1(T ) → pi1(L) is trivial. This
is impossible, because Poincare´-Lefschetz duality implies that the inclusion homomorphism
H1(T ;Q)→ pi1(L;Q) is non-trivial. 
We will need the following result, the proof of which we will extract from [25]:
Proposition 2.15. Let M be an orientable Riemannian 3-manifold, let V and W be closed
orientable 2-manifolds, and let f0 : V → M and g : W → M be smooth embeddings, each of
which has least area in its homotopy class. Suppose that for every embedding f : V → M ,
homotopic to f0, such that f(V ) and g(W ) meet transversally, either (a) f(V )∩g(W ) = ∅, or
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(b) there exist connected subsurfaces A ⊂ f(V ) and B ⊂ g(W ), and a compact submanifold
X of M , such that ∂A 6= ∅, ∂X = A ∪ B, and the pair (X,A) is homeomorphic to (A ×
[0, 1], A× {0}). Then f0(V ) ∩ g(W ) = ∅.
Proof. This is implicit in the proof of [25, Lemma 1.3]. In the language of [25], Alternative
(b) of the hypothesis of Proposition 2.15 is expressed by saying that there is a product region
between f(V ) and g(W ). In the special case where f0(V ) and g(W ) meet transversally, we
may apply the hypothesis of Proposition 2.15, taking f = f0, to deduce that either there
is a product region between f0(V ) and g(W ), or f0(V ) ∩ g(W ) = ∅. But according to [25,
Lemma 1.2], there cannot exist a product region between two subsurfaces of a Riemannian
3-manifold which are the images of smooth embeddings of compact surfaces, each of which
has least area in its homotopy class. Hence in this case we must have f0(V ) ∩ g(W ) = ∅, as
required.
The proof of [25, Lemma 1.2] depends on the observation that if f : V →M and g : W →M
are smooth embeddings of closed orientable surfaces in an orientable Riemannian 3-manifold,
and if A, B and X have the properties stated in Alternative (b), then we may define piecewise
smooth embeddings f ′ : V →M and g′ : W →M which agree with f and g on V − f−1(A)
andW − f−1(B) respectively, and such that f ′|f−1(A) and g′|g−1(B) are homeomorphisms of
their respective domains onto B and A, and are homotopic in X, rel f−1(∂A) and g−1(∂B), to
f |f−1(A) and g|g−1(B) respectively. For the purpose of this proof, this construction of a pair
of piecewise smooth embeddings (f ′, g′) from a pair of smooth embeddings (f, g), involving
a product region between f(V ) and g(W ), will be called a swap. If, keeping the same
assumptions and notation, f ′′ : V →M and g′′ : W →M are smooth embeddings which are
homotopic f ′ and g′ relative to annular neighborhoods of f−1(A) and g−1(B) respectively,
and satisfy f ′′(V ) ∩ g′′(W ) = (f(V ) ∩ g(W )) − f(∂A), we will say that (f ′′, g′′) is obtained
from (f, g) by a smoothed swap. If there is a product region between smooth embeddings
f and g, then there is a pair (f ′′, g′′) obtained from (f, g) by a smoothed swap such that
area f ′′(V ) + area g′′(W ) < area f(V ) + area g(W ); hence either area f ′′(V ) < area f(V ) or
area g′′(W ) < area g(W ), so that f and g cannot both have least area in their respective
homotopy classes.
If f0(V ) and g(W ) do not intersect transversally, it is shown in the proof of [25, Lemma 1.3]
that there exists a number ε > 0 with the following property: f0 may be C
1-approximated
arbitrarily well by an embedding f such that (1) f is homotopic to f0; (2) f(V ) and g(W )
meet transversally; (3) if f0(V )∩g(W ) 6= ∅ then f(V )∩g(W ) 6= ∅; and (4) if there is a product
region between f(V ) and g(V ), there is a pair (f ′′, g′′), obtained from (f, g) by a smoothed
swap, such that area f ′′(V ) + area g′′(W ) ≤ area f(V ) + area g(W ) − ε. By taking f to be
a good enough C1-approximation to f0 we can guarantee that area f(V ) < area f0(V ) + ε.
From (1), (2) and the hypothesis, it follows that either there is a product region between
f(V ) and g(W ), or f(V ) ∩ g(W ) = ∅. If there is a product region between f(V ) and
g(W ), then (4) gives a pair (f ′′, g′′), obtained from (f, g) by a smoothed swap, such that
area f ′′(V )+area g′′(W ) ≤ area f(V )+area g(W )−ε < area f0(V )+area g(W ). Hence either
area f ′′(V ) < area f0(V ), or area g′′(W ) < area g(W ); in either case we have a contradiction
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to the hypothesis that f0 and g have least area in their homotopy classes. We must therefore
have f(V ) ∩ g(W ) = ∅, which by (3) implies f0(V ) ∩ g(W ) = ∅, as required. 
2.16. General references for orbifolds include [9], [18] and [33]. Although smooth orbifolds
are emphasized in these books, the definition of orbifold goes through without change in the
topological or smooth category. (In reading the definition in the PL category, one should
bear in mind that an orthogonal action of a finite group on a Euclidean space is in particular
a PL action.)
The material from here to the end of Subsection 2.26 is meant to be interpretable in each of
the three categories, except where a restriction on category is specified.
Orbifolds will be denoted by capital fraktur letters (A,B,C, . . .).
The underlying space of an orbifold N will be denoted by |N|. If N is PL, and if either
dimN ≤ 2, or dimN = 3 and N is orientable, then |N| inherits the structure of a PL
manifold of the same dimension as N.
The singular set of an orbifold N will be denoted ΣN. We regard it as a subset of |N|.
If N is an n-orbifold then |N| has a canonical stratification [17, Subsection 4.5], in which ΣN
is the union of all strata of dimension strictly less than n. If n = 3 and N is orientable, then
each component of ΣN is either a simple closed curve or (the underlying space of) a trivalent
graph; in the former case, the given component of ΣN is a single stratum, and in the latter
case, each edge or vertex is a stratum.
For every x ∈ |N| there exist a neighborhood U of x in |X| and a chart map (see [9, Subsection
2.1.1]) φ : U˜→ U, where U˜ ⊂ Rn is an open ball about 0 and φ(0) = x. By definition there
is an orthogonal action of some finite group G on U˜ such that φ induces a homeomorphism
from U˜/G onto U. The group G is determined up to conjugacy in O(n) by the point x, and
will be denoted Gx. We have Gx = {1} if and only if x /∈ ΣN. We will refer to the order of
Gx as the order of x. All points of a given stratum of N have the same order; for a stratum
contained in ΣN, this order will be called the order of the stratum.
If n = 2 and N is orientable, then Gx is cyclic for every x ∈ ΣN. If n = 2 and N is orientable,
then Gx is cyclic for every point x lying in a one-dimensional stratum of N.
The distinction between an orbifold N and its underlying space |N| will be rigidly observed.
For example, if N is path-connected and ? ∈ |N| is a base point, pi1(N, ?) will denote
the orbifold fundamental group of N based at ? (denoted piorb1 (N, ?) by some authors). In
contrast, pi1(|N|, ?) of course denotes the fundamental group of the underlying space |N|
based at ?. (As in the case of spaces, we, will often suppress base points from the notation
for the orbifold fundamental group in statements whose truth is independent of the choice
of base point.) Similarly, ∂N will denote the orbifold boundary of N, which is itself an
orbifold. If N is an orbifold of dimension n ≤ 3 such that |N| is a topological manifold, then
∂|N| = |∂N| ∪ Σn−1N , where Σn−1N denotes the union of all (n − 1)-dimensional components
of ΣN. In the case of an orientable orbifold N of dimension n ≤ 3, we have Σn−1N = ∅ and
hence ∂|N| = |∂N|.
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The Seifert van Kampen theorem for orbifolds, which is proved in [9, Section 2.2], will often
be used without being mentioned explicitly.
An orbifold will be said to have finite type if it is homeomorphic to W − E, where W is a
compact orbifold with ΣW ⊂ | intW|, and E is a union of components of ∂W. Note that in
particular, according to this definition, a finite-type orbifold has compact boundary.
An orbifold N of finite type has a well-defined (orbifold) Euler characteristic, which we will
denote by χ(N). It is not in general equal to χ(|N|). When N has finite type we will also
set
χ(N) = −χ(N)
in analogy with (2.4.1).
By a point of an orbifold N we will mean simply a point of |N|. By a neighborhood of a point
x ∈ N we mean a neighborhood of x in |N|. If N′ is a suborbifold of an orbifold N, we will
regard |N′| as a subspace of |N|. We will say that a suborbifold V is a neighborhood of x if
|N′| is a neighborhood of x.
If X and W are orbifolds of respective dimensions m and n, we define an immersion (or a
submersion) from X to W to be a map f (of sets) from |X| to |W| such that for every x there
exist suborbifolds U and V of X and W, which are neighborhoods of x and y respectively,
chart maps (see [9, Subsection 2.1.1]) φ : U˜→ U and ψ : V˜→ V, where U˜ ⊂ Rm and V˜ ⊂ Rn
are open, and an injective (or, respectively, surjective) affine map α : Rm → Rn such that
f(U) ⊂ V and f ◦ φ = ψ ◦ α. (The only “maps” between orbifolds that will be considered in
this paper are immersions and submersions. An orbifold homeomorphism, or more generally
an orbifold covering map, is at once an immersion and a submersion.) An embedding of an
orbifold X in an orbifold W is defined to be a homeomorphism of X onto a suborbifold of
W; any embedding is an injective immersion, from |X| to |W|, but the converse is false.
Note that an immersion or submersion f : X → W is in particular a continuous map from
|X| to |W|; thus if we ignore the orbifold structure, the immersion or submersion f defines a
continuous map of topological spaces, which we denote by |f| : |X| → |W|.
By an isotopy of an orbifold N we mean a family (h)0≤t≤1 of self-homeomorphisms of N
such that (i) the map (x, t) 7→ ht(x) from |N× [0, 1]| to |N| is a submersion from N× [0, 1]
to N, and (ii) h0 is the identity. We will use the orbifold analogues of standard language
for isotopy of manifolds; for example, two suborbifolds X,X′ will be said to be (ambiently)
isotopic if there is an isotopy (h)0≤t≤1 of N such that h1(X) = X. We will say that X and X′
are non-ambiently isotopic if they are isotopic when regarded as suborbifolds of the orbifold
N′ ⊃ N obtained from the disjoint union of N with (∂N)× [0, 1] by gluing the suborbifolds
∂N ⊂ N and (∂N)× {0} ⊂ (∂N)× [0, 1] via the homeomorphism x→ (x, 0).
2.17. Let N be an orbifold of dimension m ≤ 3, and let Σ(0)N denote the union of all zero-
dimensional strata of ΣN (see 2.16). Then |N|−Σ(0)N is an m-manifold. A manifold H ⊂ |N|,
having dimension strictly less than m, will be said to be in general position with respect
to ΣN if H is disjoint from Σ
(0)
N , and intersects every positive-dimensional stratum of ΣN
transversally in the manifold |N| − Σ(0)N .
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Notation and Remarks 2.18. Suppose that N is an orbifold, that X is a manifold, and
that f : X → |N| is a map with the property that for some orbifold X we have |X| = X, and
f = |f| for some orbifold immersion f : X→ N. In this situation, the orbifold X is uniquely
determined by X, N and f . In situations where it is clear from the context which N and f
are involved, X will be denoted by ω(X).
The most common situation in which this convention will be used is the one in which X
is given as a submanifold of |N| for some orbifold N, in which case f is understood to be
the inclusion map X → |N|; in this case, ω(X) is defined if and only if X = |X| for some
suborbifold X of N, and if it is, we have ω(X) = X. In the case where m := dimN ≤ 3, a
sufficient condition for ω(X) to be defined is that X ⊂ |N| be a manifold which has dimension
strictly less than m and is in general position (see 2.17) with respect to ΣN. Furthermore, if
X is a closed subset of |N| such that ω(Fr|N|X) is defined, then ω(X) is defined.
Another situation in which the convention will be used is the one in which X is given as a
(not necessarily proper) subset of a covering space N˜ of N. In this case f will be understood
to be the restriction of the covering projection to X. In this situation, ω(X) is defined if and
only if X = |X| for some subborbifold X of X˜. In practice, the reason why such a suborbifold
X will usually be immediate from the context, and will be left implicit.
Still another situation in which these conditions hold (and a particularly important one) is
the one in which T is a closed two-sided 2-suborbifold of the interior of an orientable PL
3-orbifold M, so that |T| is a two-sided PL 2-submanifold of int |M|, and we take N = M,
X = |M|†|T|, and f = ρ|T|. In this case the PL orbifold ω(X) = ω(|M|†|T|) will be denoted by
M†T, and the PL immersion f such that |f| = f = ρ|T| will be denoted by ρT.
2.19. If A and B are suborbifolds of an orbifold N we will set A∪B = ω(|A|∪|B|), provided
that |A| ∪ |B| is the underlying set of some suborbifold of N; more generally, if (Aι)ι∈I is
a family of suborbifolds of N indexed by some set I, we will set
⋃
ι∈I Aι = ω(
⋃
ι∈I |Aι|)
provided that the right hand side is defined. Likewise, for orbifolds A and B of N we will set
A∩B = ω(|A|∩ |B|) and A\B = ω(|A| \ |B|), provided that the respective right hand sides
are defined, and when B ⊂ A and A\B is defined we will write A−B = A\B. If f : X→W
is an immersion or submersion of orbifolds, and A is a suborbifold of X (or W) such that
|f|−1(|A|) (or, respectively, |f|(|A|)) is the underlying subspace of a suborbifold of W (or,
respectivley. X), we will set f(A) = ω(|f|(|A|)) (or, respectively, f−1(A) = ω(|f|−1(|A|)).
2.20. Let X be a compact PL subset of |N|, where N is an orientable (PL) orbifold of dimen-
sion at most 3. We define a strong regular neighborhood of X in N to be a suborbifold R of
N such that |R| is the second-derived neighborhood of X with respect to some triangulation
T of |N|, compatible with its PL structure, such that both X and ΣN are underlying sets of
subcomplexes of T . We define a weak regular neighborhood of X in N to be a suborbifold R
of N such that (i) R is a neighborhood of X in N, and (ii) if N′ is the 3-orbifold obtained
from the disjoint union N  ((∂N)× [0, 1]) by gluing ∂N ⊂ N to (∂N)×{0} ⊂ (∂N)× [0, 1]
via the homeomorphism t 7→ (t, 0), then a strong regular neighborhood of R ⊂ N ⊂ N′
in N′ is also a strong regular neighborhood of X in N′. When W is closed, the notions of
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strong and weak regular neighborhoods coincide, and we will simply use the term regular
neighborhood in that case.
2.21. We will use the analogues for orbifolds of the conventions of 2.3. A connected suborb-
ifold U of a connected orbifold Z will be termed pi1-injective if the inclusion homomorphism
pi1(U) → pi1(Z) is injective. In general, a suborbifold U of an orbifold Z will be termed pi1-
injective if each component of Z is pi1-injective in the component of U containing it. A closed,
connected 2-dimensional suborbifold U of a 3-orbifold Z will be termed incompressible if U is
contained in intZ, is two-sided, is pi1-injective in Z, and has non-positive Euler characteristic.
2.22. For our purposes, if N is an orbifold, H1(N) will denote the abelianization of the
orbifold fundamental group pi1(N), and for any abelian group A we will define H1(N, A) to
be H1(N)⊗ A. We will not define (or use) higher-dimensional homology for orbifolds.
Definitions and Remarks 2.23. An orbifold, not necessarily connected, will be said to
be very good if it admits a finite-sheeted (orbifold) covering space which is a manifold. It
is a standard consequence of the “Selberg lemma” that a compact hyperolic orbifold is very
good, and this fact will often be used implicitly. Note that a suborbifold of a very good
orbifold is very good. Note also that an orbifold with finitely many components is very good
if and only if its components are very good.
As is standard, we define an n-orbifold will be called discal if it is (orbifold-)homeomorphic
to the quotient of Dn by an orthogonal action of a finite group. It follows from the Orbifold
Theorem [8], [18] that a 3-orbifold N, such that ΣN has no isolated points, is discal if and
only if N it admits D3 as a(n orbifold) covering by an n-ball; this fact will often be used
without an explicit reference. A 2-orbifold T will be termed spherical if T is closed and
connected and χ(T) > 0; if T is very good, this is equivalent to the condition that T admits
S2 as a covering. A 2-orbifold T will be termed annular or toric if T admits S1 × [0, 1] or
T 2, respectively, as a covering; this is equivalent to the condition that T is connected, that
χ(T) = 0, and that ∂T is, respectively, non-empty or empty. A solid toric orbifold is defined
to be a 3-orbifold which is covered by a solid torus.
2.24. Let N be an orbifold, and let X be a codimension-0 suborbifold of ∂N (so that X has
codimension 1 in N). The double of N along X, denoted DXN, is the closed orbifold obtained
from the disjoint union of two copies of N by gluing together the copies of X contained in
their boundaries via the identity homeomorphism. We will write DN for D∂NN, which is
a closed orbifold. Note that this definition includes the case where N is a manifold; in this
case DN is a closed manifold.
Note that for any orbifold N and any codimension-0 suborbifold X of ∂N, the orbifold DXN
has a canonical involution which maps each copy of N on to the other, via the identity
homeomorphism. The quotient of DXN by this involution is an orbifold N
′ such that |N′| =
|N| and Σ′N = ΣN ∪ X. The orbifold N′ is said to be obtained from N by silvering the
suborbifold X of ∂N. It will be denoted silvXN, or by silvN in the special case where
X = ∂N. (Cf. [10, p. 65, Remark].) Note that silvXN is always non-orientable if X 6= ∅.
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We define [[0, 1] to be the 1-orbifold silv{0}[0, 1], and we define [[0, 1]] to be the 1-orbifold
silv{0,1}[0, 1].
Definition 2.25. Let N be an orientable 3-orbifold, and let X be a 2-suborbifold of N. Let
P,P′ ⊂ N be 2-suborbifolds whose boundaries are contained in X. We will say that P and P′
are parallel in the pair (N,X) (or simply parallel in N in the case where X = ∂N, or parallel
when X = ∂N and it is understood which orbifold N is involved) if there is an embedding
j : P× [0, 1]→ N such that j((∂P)× [0, 1]) ⊂ X, j(P× {0}) = P, and j(P× {1}) = P′.
In this paper, when we consider parallelism of 2-suborbifolds in a pair (N,X), it will always
be in a context in which X is a suborbifold of ∂N. However, in [40] we will have occasion to
consider parallelism in a pair (N,X) where X is a properly embedded suborbifold of N.
Definition 2.26. A 3-orbifold N is said to be irreducible if N is connected and every two-
sided spherical 2-suborbifold of N is the boundary of a discal 3-suborbifold of N. As men-
tioned in Subsection 2.9, this generalizes our definition for the case of a 3-manifold.
2.27. In the rest of this paper and in [40] we adopt the convention, generalizing the con-
vention stated in 2.8, will be that all statements and arguments about orbifolds are to be
interpreted in the PL category except where another category is specified. Smooth orbifolds
will indeed be considered at a number of points in the paper; in particular, as hyperbolic
orbifolds are smooth by definition, statements involving hyperbolic orbifolds (inlcuding some
of the main results of the paper) should be interpreted in the smooth category.
According to the main theorem of [29], every very good smooth orbifold M admits a PL
structure compatible with its smooth structure, and this PL structure is unique up to PL
orbifold homeomorphism. We shall denote by MPL the orbifold M equipped with this PL
structure. The main result of [35] implies that every very good PL orbifold of dimension
n ≤ 4 is PL homeomorphic to MPL for some smooth n-orbifold M. However, as there is
no result in the literature guaranteeing, even for n = 3, that every PL suborbifold of MPL
is ambiently homemorphic to a smooth suborbifold of M, a little care will be required in
passing between the two categories. (A more subtle question about the relationship between
the categories is addressed by Proposition 3.2.)
The results of [11] will play an important role in this paper. While these results are proved
in the smooth category in [11], the statements and proofs go through without change in the
PL category, and it is the PL versions that will be quoted in the proofs of Propositions 3.10
and 4.1. Indeed, the proofs of the PL versions of the results of [11] are simpler than the
proofs of the smooth versions, in that some of the arguments involve extending an isotopy of
the 2-sphere to an isotopy of the 3-ball, and the orbifold analogue of this. In the PL category
this follows from Alexander’s coning trick, whereas in the smooth category it requires a deep
theorem due to Cerf. I am indebted to Francis Bonahon for these observations.
Lemma 2.28. Suppose that L is a connected, orientable 3-orbifold with non-empty boundary,
and that some regular covering of L is irreducible. Then L is irreducible.
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Proof. Let p : L˜ → L be an irreducible regular covering of L. Let P be any two-sided
spherical 2-suborbifold of intP. Then every component P˜ of p−1(P) is spherical and hence
bounds a discal 3-suborbifold of L˜; this discal 3-suborbifold is unique since ∂L˜ 6= ∅, and
will be denoted by B˜P˜. If P˜ and P˜
′ are distinct components of p−1(P), there is a deck
transformation τ carrying P˜ to P˜′; since P˜ and τ(P˜) = P˜′ are disjoint, and ∂L˜ 6= ∅, we
must have either (a) τ(B˜P˜) ⊂ int B˜P˜, (b) B˜P˜ ⊂ int τ(B˜P˜), or (c) τ(B˜P˜)∩ B˜P˜ = ∅. If (a) or
(b) holds, there are infinitely many deck transformations mapping the compact suborbifold
B˜P˜ of L˜ into itself, which is impossible. Hence the discal orbifolds B˜P˜ and B˜P˜′ = τ(B˜P˜)
are disjoint. Since this holds for any two distinct components P˜ and P˜′ of p−1(P), there
is a suborbifold B of L such that p−1(B) =
⋃
P˜∈C(p−1(P)) B˜P˜; we have ∂B = P, and for
any component P˜ of p−1(P), the orbifold B is homeomorphic to the quotient of B˜P˜ by its
stabilizer in the group of deck transformations. Since B˜P˜ is discal, its quotient B by a finite
group action is discal according to 2.23. 
Definitions and Remarks 2.29. A 3-orbifold N will be termed weakly atoral if it is very
good, compact, irreducible, and non-discal, and every pi1-injective two-sided toric suborbifold
of intN is parallel in N to a component of ∂N. A 3-orbifold N will be termed strongly atoral
if (I) N is compact and non-discal, (II) some finite-sheeted regular covering of N is an
irreducible 3-manifold, and (III) pi1(N) has no free abelian subgroup of rank 2.
Note that if N is strongly atoral, Condition (II) in the definition implies that N is very good.
According to Lemma 2.28, Condition (II) also implies that N is irreducible. Note also that
Condition (III) implies that N contains no pi1-injective toric suborbifold whatever; hence a
strongly atoral 3-orbifold is weakly atoral.
If M is a closed, orientable hyperbolic 3-orbifold, then MPL is strongly atoral.
2.30. Let N be a compact, orientable 3-orbifold. If N is weakly atoral, then in particular it is
irreducible and non-discal; this implies that every boundary component of N has non-positive
Euler characteristic.
If N is strongly atoral and boundary-irreducible, then in fact every boundary component of
N has strictly negative Euler characteristic. This is because any boundary component of
N having Euler characteristic 0 would be toric by definition and would be pi1-injective by
boundary irreducibility; according to an observation in 2.29, this would contradict strong
atorality.
Definitions and Remarks 2.31. A 2-orbifold of finite type (see 2.16 will be termed negative
if each of its components has negative Euler characteristic. Note that the empty 2-orbifold
is negative.
We define a negative turnover to be a negative, compact, orientable 2-orbifold T such that
|T| is a 2-sphere and card ΣT = 3.
Notation 2.32. If N is an orbifold, and S is a subset of |N| such that S ∩ ΣN is finite,
the number card(S ∩ΣN) will be called the weight of S in N, and will be denoted wtN S, or
simply by wtS when N is understood.
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2.33. Let O be a finite-type 2-orbifold. Suppose that ΣO is finite (which is in particular
true if O is orientable). Let x1, . . . , xn denote the distinct points of ΣO, and let pi denote the
order of the singular point xi for i = 1, . . . , n. Then we have χ(O) = χ(|O|)−
∑n
i=1(1−1/pi).
In particular we have χ(O) ≤ χ(|O|).
Another consequence of the formula for χ(O) given above, which will be used many times
in this paper and in [40], often without an explicit reference, is that if O is an orientable
annular orbifold, then either |O| is an annulus and ΣO = ∅, or |O| is a disk and ΣO consists
of two points, both of order 2.
2.34. An immediate consequence of the description of orientable annular orbifolds given in
2.33 is that If B is an orientable annular 2-orbifold, and if C ⊂ |B| − ΣB is a simple closed
curve such that ω(C) is pi1-injective in B, then there is a weight-0 annulus A ⊂ |B| having
C as a boundary component, and having its other boundary component contained in ∂|B|.
Proposition 2.35. Let N be a very good 3-orbifold, and let T be a 2-suborbifold of N which
is either contained in ∂N, or properly embedded and two-sided. Then the following conditions
are equivalent:
(a) T is pi1-injective in N;
(b) For every discal 2-suborbifold D of N such that D∩T = ∂D, there is a discal 2-suborbifold
E of T with ∂E = ∂D.
(c) For every discal 2-suborbifold D of N such that (i) D ∩ T = ∂D and (ii) |D| is in
general position (see 2.17) with respect to ΣN, there is a discal 2-suborbifold E of T with
∂E = ∂D.
Proof. We first give the proof in the case where T ⊂ ∂N. Since N is very good, we may fix
a regular cover p : N˜ → N such that N˜ is a 3-manifold. Let G denote the group of deck
transformations of this covering.
Let us show that (a) implies (b). Suppose that (a) holds, and that D is a discal 2-suborbifold
of N such that D ∩ T = ∂D. Then every component of p−1(D) is a disk whose boundary
lies in p−1(T). Since T is pi1-injective in N, in particular p−1(T) is pi1-injective in N˜, and so
each component of p−1(D) bounds a disk in p−1(T). Among all disks in p−1(T) bounded by
components of p−1(T), choose one, D0, which is minimal with respect to inclusion. Then
for every τ ∈ G we have either τ(D0) = D0 or τ(D0) ∩ D0 = ∅. Hence E := p(D0) is
orbifold-homeomorphic to the quotient of D0 by its stabilizer in G, and is therefore a discal
suborbifold of T with ∂E = D. This establishes (b).
It is trivial that (b) implies (c). To show that (c) implies (a), we will suppose that (a) does
not hold, and produce a discal orbifold D violating (c). Since (a) does not hold, p−1(T)
is not pi1-injective in N˜. It therefore follows from the equivariant loop theorem [36] that
there is a non-empty, properly embedded G-invariant submanifold D of N˜, each of whose
components is a disk, such that ∂D ⊂ p−1(T), and no component of ∂D bounds a disk in
p−1(T). Choose a G-invariant regular neighborhood R of D such that D′ := FrNR has
transverse intersection with p−1(σ) for every stratum σ of ΣN. By choosing R to be a
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sufficiently small neighborhood of D we may guarantee that ∂D′ is contained in p−1(T), and
is isotopic in p−1(T) to ∂D. Hence no component of ∂D′ bounds a disk in p−1(T). If D1
is a component of D′ then D := p(D1) is orbifold-homeomorphic to the quotient of D1 by
its stabilizer in G. Hence D is a discal suborbifold of N. Since D′ is properly embedded in
N˜, has boundary contained in p−1(T), and has transverse intersection with p−1(σ) for every
stratum σ of ΣN, the suborbifold D satisfies Conditions (i) and (ii). To show that D violates
(c), it is enough to show that there is no discal 2-suborbifold E of T with ∂E = ∂D. If E is
such a discal 2-suborbifold, then E := p−1(E) is a disjoint union of disks, and ∂E˜ = p−1(∂D).
In particular the component ∂D1 of ∂D bounds a disk in p−1(T), a contradiction. This
completes the proof of the proposition in the case where T ⊂ ∂N.
Now consider the case in which T is properly embedded and two-sided. Set N′ = N†T, and
T′ = ρ−1T (T) ⊂ ∂N′. It follows from the Seifert-van Kampen theorem for orbifolds (see [9,
Section 2.2]) that T is pi1-injective in N if and only if T
′ is pi1-injective in N′. It is clear
that each of the conditions (b) and (c) for N and T is equivalent to the same condition with
N and T replaced by N′ and T′. Hence the assertion of the proposition in this case follows
by applying the case already proved, with N′ and T′ playing the respective roles of N and
T. 
Corollary 2.36. Let N be an orientable 3-orbifold, and let S ⊂ |N| be a 2-sphere of weight
3, in general position with respect to ΣN. Then ω(S) is pi1-injective in N.
Proof. We may assume after a small non-ambient isotopy that S ⊂ int |N|. Set T = ω(S).
According to Proposition 2.35, it suffices to show that if D is a discal 2-suborbifold of N such
that D∩T = ∂D, and |D| is in general position with respect to ΣN, then ∂D is the boundary
of a discal 2-suborbifold of T. Since N is orientable we have dim ΣN ≤ 1, and the general
position condition therefore implies that ΣD = D ∩ ΣN consists at most of isolated points;
hence D is orientable, so that ∂D is a closed 1-submanifold of T. But since |T| is a 2-sphere
and ΣT has cardinality 3, every closed 1-submanifold of T bounds a discal suborbifold of
T. 
Notation 2.37. If N is a compact, orientable 3-orbifold, we will define an integer λN by
setting λN = 2 if every component of ΣN is an arc or a simple closed curve, and λN = 1
otherwise.
Proposition 2.38. Let N be a strongly atoral, orientable 3-orbifold containing no embedded
negative turnovers (see 2.31). Suppose that λN = 2. Then |N| contains no weight-3 sphere
which is in general position with respect to ΣN.
Proof. Suppose that S ⊂ |N| is a weight-3 sphere in general position with respect to ΣN.
By 2.36, ω(S) is pi1-injective in N. If χ(ω(S)) = 0 then ω(S) is a pi1-injective two-sided
toric suborbifold of N; as observed in 2.29, this contradicts the strong atorality of N. If
χ(ω(S)) < 0 then ω(S) is an embedded negative turnover, a contradiction to the hypothesis.
There remains the possibility that χ(ω(S) > 0, so that ω(S) is spherical. Since a strongly
atoral 3-orbifold is irreducible (see 2.29), ω(S) is the boundary of a discal 3-suborbifold B of
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N. Since λN = 2, every component of |B| ∩ΣN is a properly embedded arc or simple closed
curve in |B|. If m denotes the number of arc components of |B| ∩ ΣN, we have wtS = 2m,
a contradiction since wtS = 3. 
Definition and Remark 2.39. Generalizing the definition given for manifolds in 2.9, we
define a 3-orbifold N to be boundary-irreducible if ∂N is pi1-injective in N. It follows from
Proposition 2.35 that N is boundary-irreducible if and only if the boundary of every properly
embedded discal 2-orbifold D in N, such that |D| is in general position with respect to ΣN,
is the boundary of a discal 2-orbifold in N. It also follows from Proposition 2.35 that this
characterization of boundary-irreducibility remains valid if the general position condition on
|D| is omitted.
Definition 2.40. An orbifold N will be termed componentwise irreducible, or componentwise
boundary-irreducible, if each of its components is, respectively, irreducible or boundary-
irreducible. We will say that N is componentwise strongly atoral if N is compact and each
of its components is strongly atoral.
Lemma 2.41. Let N be a compact 3-orbifold, and let T be a properly embedded 2-suborbifold
of N whose components are two-sided, have non-positive Euler characteristic, and are pi1-
injective.
• If N is componentwise irreducible, or componentwise strongly atoral, then N†T is,
respectively, componentwise irreducible or componentwise strongly atoral.
• If T is closed and N is componentwise boundary-irreducible, then N†T is component-
wise boundary-irreducible.
Proof. We may assume that T is connected, since the general case will follow from the
connected case by induction on the number of components of T.
IfN0 denotes the component ofN containing T, every component ofN
†
T is either a component
of (N0)
†
T, or a component of N distinct from N0; hence we may assume that N is connected.
First suppose that N is irreducible. To prove that N†T is componentwise irreducible, it
suffices to prove that every two-sided spherical 2-suborbifold V of N − T bounds a discal
3-suborbifold of N − T. Since N is irreducible, V bounds a discal 3-suborbifold B of N.
Since V ∩ T = ∅, we must have either B ⊂ N − T or B ⊃ T. If the latter alternative
holds, the pi1-injectivity of T implies that pi1(T) is isomorphic to a subgroup of pi1(B); this
is impossible, because the hypothesis χ(T) ≤ 0 implies that pi1(T) is infinite, whereas the
discality of B implies that pi1(B) is finite. Thus N
†
T is indeed componentwise irreducible.
Now suppose that N is strongly atoral. Since T is pi1-injective in N, the immersion ρT is
pi1-injective; since the strong atorality of N implies that pi1(N) has no rank-2 free abelian
subgroup (see Definition 2.29), it follows that no component of N†T has a fundamental group
with a rank-2 free abelian subgroup, as required by Condition (III) of Definition 2.29.
Next note that the strong atorality of N gives a finite-sheeted regular covering p : T˜ → T
such that N is an irreducible 3-manifold. Note that T˜ := p−1(T) is properly embedded and
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pi1-injective in N˜. Applying the assertion proved above, with N˜ and T˜ playing the respective
roles of N and T, we deduce that N˜†
T˜
is componentwise irreducible. Every component of
N†T admits some component of N˜
†
T˜
as a regular covering, and thus satisfies Condition (II) of
Definition 2.29.
To show that N†T is componentwise strongly atoral, it remains only to prove that it has no
discal component. If B is any component of N†T, then ∂B has a pi1-injective 2-suborbifold
V homeomorphic to some component of T. The hypothesis gives χ(V) ≤ 0, so that pi1(V)
is infinite. Hence pi1(B) is infinite, and B cannot be discal.
Finally, suppose that T is closed and that N is boundary-irreducible. To prove that N†T is
componentwise boundary-irreducible, we must show that ∂(N†T) is pi1-injective in N
†
T. But
since T is closed, each component of ∂(N†T) is either a component of ∂N, which by the
boundary-irreducibility of N is pi1-injective in N and hence in ∂(N
†
T), or a component of
ρ−1T (T). A component of the latter type is also pi1-injective since T is pi1-injective in N. 
Definitions 2.42. Let N be an orientable, componentwise irreducible 3-orbifold, and let
X be a pi1-injective 2-suborbifold of ∂N. An orientable annular 2-orbifold P ⊂ N will
be called essential in the pair (N,X) (or simply essential (in N) in the case where N is
componentwise boundary-irreducible and X = ∂N) if (1) P ∩ ∂N = ∂P ⊂ X, (2) P is pi1-
injective in N, and (3) P is not parallel in the pair (N,X) either to a suborbifold of X or to a
component of (∂N)− X. We define an acylindrical pair to be an ordered pair (N,X), where
N is an orientable 3-orbifold, X is a pi1-injective 2-suborbifold of ∂N, and N contains no
orientable annular 2-orbifold which is essential in the pair (N,X). This definition generalizes
the definition of an acylindrical 3-manifold given in 2.9 in the sense that an orientable,
irreducible 3-manifold M is acylindrical if and only if the manifold pair (M,∂M), regarded
as an orbifold pair, is acylindrical.
Proposition 2.43. Let N be an orientable, componentwise irreducible 3-orbifold, let X be
a pi1-injective 2-suborbifold of ∂N, and suppose that P is an essential orientable annular
2-orbifold in the pair (N,X). Let D ⊂ |N| be a weight-0 disk such that β := D ∩ |P| is an
arc in ∂D, and D ∩ ∂|N| = (∂D)− β ⊂ X. Then β is the frontier in |P| of a weight-0 disk.
Proof. Since P is annular and orientable, |P| is either a weight-0 annulus, or a weight-2 disk
such that the two points of |P| ∩ ΣN are both of order 2. Hence if we assume that β is not
the frontier in |P| of a weight-0 disk, and if R denotes a strong regular neighborhood of
ω(β) in P, then |P−R| is either a weight-0 disk or a disjoint union of two weight-1 disks.
Thus P−R has either one or two components, and each of its components is an orientable
discal 2-orbifold. Set R = |R| and J = C(P−R).
Let Z be a weight-0 ball in |N| such that (i) D ⊂ Z, (ii) Z ∩ |P| = R, (iii) R ⊂ ∂Z,
(iv) Q := Z ∩ ∂|N| is a disk contained in |X|, and (v) Q ∪ R is a regular neighborhood of
∂β in |∂P| (and thus consists of two arcs). Then Q ∪ R is an annulus in ∂Z, and hence
D := (∂Z)− (Q ∪R) is a disjoint union of two weight-0 disks.
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For each V ∈ J , let TV denote the union of V with the component or components of ω(D)
that meet V. Then TV is a properly embedded 2-orbifold in N whose boundary is contained
in X; since V is discal, and since each component of D is a weight-0 disk meeting |V| in an
arc or the empty set, TV is also discal. Since X is pi1-injective, it follows from Proposition
2.35 (more specifically the implication (a)⇒(b)), applied with TV playing the role of D,
that there is a discal 2-suborbifold EV of X with ∂EV = ∂TV. Then TV ∪ EV is a spherical
2-orbifold, and since N is irreducible, TV ∪ EV bounds a discal 3-orbifold GV ⊂ N.
lf V and V′ are distinct elements of J , we have TV ∩ TV′ = ∅. Hence T :=
⋃
V∈J TV is
a 2-orbifold whose components are the orbifolds TV for V ∈ J . By construction we have
T ∩ intZ = ∅, and hence Z is contained in the closure of some component U of |N − T|.
For each V ∈ J , we have Z ∩ |TV| ⊃ Z ∩ |V| 6= ∅, and hence |TV| ⊂ U . It follows that
T ⊂ FrN U, where U = ω(U). This in turn implies that |P| = R ∪ |P−R| ⊂ Z ∪ |T| ⊂ |U|,
so that P ⊂ U.
For each V ∈ J , we have FrGV = TV ⊂ FrU; hence either U ⊂ GV or U ∩ GV = TV. If
U ⊂ GV, then in particular P ⊂ GV, and since P is pi1-injective in N, it is in particular
pi1-injective in GV; this is impossible, since the annularity of P implies that pi1(P) is infinite,
while the discality of GV implies that pi1(GV) is finite. Hence U ∩GV = TV for each V ∈ J .
It follows that GV is a component of N− U for each V ∈ J . Furthermore, if V and V′ are
distinct elements of J , then since the frontiers TV and TV′ of GV and GV′ are disjoint, GV
and GV′ are distinct components of N− U and are therefore disjoint. Hence G :=
⋃
V∈J GV
is a 2-orbifold whose components are the orbifolds GV for V ∈ J , and FrG = T.
Since U∩GV = TV for each V ∈ J , we have U∩G = T. Since Z := ω(Z) ⊂ U, it follows that
Z∩G = Z∩T = ω(D). Thus if we set L = Z∪G, we have FrN L = Z− ω(D)∪G− ω(D) =
R ∪P−R = P.
Now for each V ∈ J , since the orientable 3-orbifold GV is discal, and the 2-suborbifolds
TV and (∂GV)− TV = EV of ∂GV are discal, the pair (GV,EV) is homeomorphic to (EV ×
[0, 1],EV×{0}). If we set E =
⋃
V∈J EV = G∩∂N, it follows that (G,E) is homeomorphic to
(E× [0, 1],E×{0}). Since each component of D is a disk in |T| meeting |∂T| = |∂E| is an arc,
we deduce that the triad (G,E, ω(D)) is homeomorphic to (E× [0, 1],E×{0}, ω(α)× [0, 1]),
where α = D ∩ |∂E| ⊂ Q. On the other hand, the triad (Z, ω(Q), ω(D)) is homeomorphic to
(ω(Q)× [0, 1], ω(Q)×{0}, ω(α)× [0, 1]). Since L = Z∪G and Z∩G = ω(D), it now follows
that the pair (L,F), where F = L ∩ ∂N = L ∩ X, is homeomorphic to (F × [0, 1],F × {0}).
Hence P = FrL is parallel in the pair (N,X) to a suborbifold of X, a contradiction to the
hypothesis that P is essential. 
2.44. Let q ≥ 1 be an integer. There is a action of the cyclic group 〈x |xq = 1〉 on the
solid torus D2 × S1 defined by x · (z, w) = (z, e2pii/qw). This action is at once smooth in the
standard smooth structure on D2×S1, and PL with respect to have the standard product PL
structure on D2 × S1 (see 2.7). The quotient of D2 × S1 by this action, which inherits both
a smooth and a PL structure from D2 × S1, will be denoted Jq., Up to a homeomorphism
which is at once smooth and PL, we may identify |Jq| with a solid torus in such a way that
ΣJq is empty if q = 1, and is a core curve of the solid torus |Jq|, having order q, if q > 1.
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There is also an action, which is again at once smooth and P)L, of the dihedral group
〈x, t |xq = 1, t2 = 1, txt = x−1〉 on D2 × S1 will be defined by x · (z, w) = (z, e2pii/qw) and
t · (z, w) = (z, w), where the bars denote complex conjugation. We will let J′q denote the
quotient of D2 × S1 by this action, which again inherits both a smooth and a PL structure
from D2 × S1. We may regard J′q as the quotient of Jq by the involution (z, w) 7→ (z, w),
where bars denote complex conjugation in D2 ⊂ C or S1 ⊂ C. Furthermore, there is a PL
homeomorphism h : |J′q| → B3 such that (i) h(ΣJ′q) contains two parallel line segments `1q, `2q
whose endpoints are in S2 = ∂B3, (ii) sq := h(ΣJ′q)− (`1q ∪ `2q) is either the empty set or a
line segment having one endpoint in int `iq for each i ∈ {1, 2}, and (iii) for i = 1, 2, each point
of h−1(`iq \ sq) has order 2.
We will say that an action of a finite group G on D2 × S1 is standard if either G is a cyclic
group of some order q ≥ 1 and the action is the first one described above, or G is a dihedral
group of order 2q for some q ≥ 1 and the action is the second one described above.
Lemma 2.45. Let N be an irreducible, orientable 3-orbifold, and let T ⊂ intN be a two-sided
toric 2-suborbifold of N which is not pi1-injective. Then either (a) T bounds a 3-dimensional
suborbifold of intN which is homeomorphic to the quotient of D2×S1 by the standard action
of a finite group, or (b) T is contained in the interior of a 3-dimensional discal suborbifold
of intN.
Proof. Set N = |N| and T = |T|. Since T is not pi1-injective, it follows from Proposition 2.35
that there is a discal 2-suborbifold D of N, with ∂D ⊂ T, such that D := |D| is in general
position with respect to ΣN, and ∂D does not bound a discal suborbifold of T. This means
that D ⊂ N is a disk such that (1) D ∩ T = ∂D, (2) D is in general position with respect
to ΣN and meets it in at most one point, and (3) any disk in T bounded by γ := ∂D must
meet ΣN in at least two points. If D ∩ ΣN consists of a single point, let q denote the order
of this point in ΣN; if D ∩ ΣN = ∅, set q = 1.
We claim:
2.45.1. Either (i) T is a torus, wtT = 0 (see 2.32), and γ is a non-separating curve in
T , or (ii) T is a sphere, wtT = 4, each point of ΣN has order 2, and γ separates T into
weight-2 disks.
To prove 2.45.1, set n = wtT and ΣT = {x1, . . . , xn}, and let pi denote the order of the
singular point xi for i = 1, . . . , n. Since T is toric and orientable, it follows from 2.33 that
(2.45.2) 0 = χ(T) = χ(T )−
n∑
i=1
(1− 1/pi).
In particular we have χ(T) ≥ 0, so that T is a torus or a sphere. If T is a torus, it follows
from (2.45.2) that n = 0; Condition (3) above then implies that γ is a non-separating
curve in T , and Alternative (i) of 2.45.1 holds. If T is a sphere, then γ separates T into
two disks ∆1 and ∆2; Condition (3) implies that each ∆i has weight at least 2. Hence
n = wt(∆1) + wt(∆2) ≥ 4. Since χ(T ) = 2, and each term 1 − 1/pi in (2.45.2) is at least
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1/2, it now follows that n = 4 and that 1 − 1/pi = 1/2, i.e. pi = 2, for each i. Hence
wt ∆1 = wt ∆2 = 2, and Alternative (ii) holds. This completes the proof of 2.45.1.
Since D∩T = ∂D = γ, there is a ball E, with D ⊂ E ⊂ N , such that E∩T is an annulus A,
which is contained in ∂E and is a regular neighborhood of γ in T . We may choose E in such
a way that there exists a homeomorphism η : D × [−1, 1] → E such that η(D × {0}) = D,
η((∂D)× [−1, 1]) = A, and η((D ∩ΣN)× [−1, 1]) = E ∩ΣN. Set Di = η(D× {i}) ⊂ ∂E for
i = ±1. Set F = T − A ∪ (∂E)− A.
If Alternative (i) of 2.45.1 holds, F is a 2-sphere. Furthermore, in this case Σω(F ) = F ∩ΣN
is empty if q = 1, and consists of two points of order q if q > 1; furthermore, in the latter
case, one point of Σω(F ) is contained in D1, and one in D−1.
If Alternative (ii) of 2.45.1 holds, F is a disjoint union of two 2-spheres S1 ⊃ D1 and
S−1 ⊃ D−1. In this case, for i = ±1, the intersection Si ∩ΣN consists of two points of order
2 in Si−Di, if q = 1; and if q > 1 it consists of three points, two of which lie in Si−Di and
have order 2, and one of which lies in intDi and has order q.
Hence in any event, for each component S of F , the 2-orbifold ω(S) is spherical. Since N
is irreducible, ω(S) bounds a 3-dimensional discal suborbifold of N. For each component
S of F we choose a discal 3-suborbifold WS of N with ∂WS = ω(S). In particular, for
each component S of F , the manifold |WS| is a 3-ball, and the group pi1(WS) is finite. The
closures of the components of N − S are |WS| and N − |WS|.
For each component S of F , set YS = (T ∪ E)− S. The construction gives that YS =
A ∪ (intE) ∪ (F − S); and that F − S is empty if Alternative (i) of 2.45.1 holds, and is
a component of F if Alternative (ii) of 2.45.1 holds. In either case it follows that YS is
connected. Since YS is disjoint from S, it must be contained either in |WS| or in N − |WS|.
Hence T ∪ E = YS ∪ S is contained in either |WS| or in N − |WS|. Since one of these
alternatives holds for every component of S, we have either T ∪ E ⊂ N − |WS| for every
component S of F , or T ∪ E ⊂ |WS| for some component S of F ; that is:
2.45.3. Either (A) (T ∪E)∩ |WS| = S for every component S of F , or (B) T ∪E ⊂ |WS0|
for some component S0 of F .
Consider the case in which Alternative (B) of 2.45.3 holds. Define B to be a strong regular
neighborhood of WS0 in N. Then B is (orbifold-)homeomorphic to WS0 and is therefore
discal. We have T ⊂ WS0 ⊂ intB. This gives Alternative (b) of the conclusion of the
proposition.
The rest of the proof will be devoted to the case in which Alternative (A) of 2.45.3 holds; in
this case, we will show that Alternative (a) of the conclusion of the proposition holds.
Set Z =
⋃
S∈C(F ) |WS| and J = E ∪ Z. It follows from Alternative (A) of 2.45.3 that J is
obtained, up to homeomorphism, from T ∪E by gluing a ball to each component of F along
the boundary of the ball. Hence J is a manifold whose boundary is T . In view of the existence
of the homeomorphism η : D × [−1, 1] → E with the properties stated above, we can now
deduce that J := ω(J) is homeomorphic to an orbifold obtained from Z := ω(Z) by gluing
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together the suborbifolds D1 := ω(D1) and D−1 := ω(D−1) of ∂W by a homeomorphism. It
now suffices to prove that J := ω(J) is (orbifold-)homeomorphic to the quotient of D2 × S1
by the standard action of a finite group.
Consider first the subcase in which Alternative (i) of 2.45.1 holds. In this subcase, we have
seen that F is a single 2-sphere; and that Σω(F ) is empty if q = 1, and consists of two points
of order q if q > 1. Furthermore, we have seen that in the latter case, one point of Σω(F ) is
contained in D1, and one in D−1. Hence Z is a single discal 3-orbifold; Z is a ball; and ΣZ
is empty if q = 1, and is a single unkotted arc of order q, with one endpoint in D1 and one
in D−1, if q > 1. It follows that J is (orbifold-)homeomorphic to the orbifold Jq described
in 2.44, and is therefore homeomorphic to the quotient of D2 × S1 by a standard action of
a cyclic group of order q. Thus Alternative (a) of the conclusion holds.
Now consider the subcase in which Alternative (ii) of 2.45.1 holds. In this case we have
seen that F is a disjoint union of two 2-spheres S1 ⊃ D1 and S−1 ⊃ D−1. Furthermore,
we have seen that if q = 1 then for i = ±1 we have Si ∩ ΣN = {xi, x′i} for some points
xi, x
′
i ∈ Si − Di having order 2; and that if q > 1 we have Si ∩ ΣN = {xi, x′i, x′′i } for some
points xi, x
′
i ∈ Si−Di having order 2, and some point x′′i ∈ intDi having order q. Hence Z is
a disjoint union of two discal 3-orbifolds W1 and W−1. Here Yi := |Wi| is a ball for i = ±1.
If q = 1 then ΣWi is an unknotted arc in Zi, having order q, and having endpoints xi and
x′i. If q > 1 then Ti := ΣWi is a cone on {xi, x′i, x′′i }; moreover, Ti is unknotted in the sense
that it is contained in a properly embedded disk in Zi. The interiors of the arcs joining xi,
x′i and x
′′
i to the cone point have orders 2, 2 and q respectively.
It follows that J = |J| is (orbifold-)homeomorphic to the orbifold J′q described in 2.44, and
is therefore homeomorphic to the quotient of D2 × S1 by a standard action of a dihedral
group of order 2q. Thus Alternative (a) of the conclusion holds. 
Proposition 2.46. Let L be an orientable 3-orbifold. The following conditions are mutually
equivalent:
(1) L is a solid toric orbifold;
(2) L has a toric boundary component and is strongly atoral;
(3) L is homeomorphic to the quotient of D2×S1 by the standard action of a finite group.
Proof. It is trivial that (3) implies (1).
If (1) holds then L is finitely covered by a solid torus J . Some finite-sheeted covering of J is
a regular covering of L, and is a solid torus since J is one; hence we may assume without loss
of generality that J is a regular covering of L. Since ∂J is a single torus, and the inclusion
homomorphism pi1(∂J) → pi1(J) has infinite kernel, ∂L is a single toric orbifold. To show
that (2) holds, it now suffices to prove that L is strongly atoral. Since the solid torus J is
an irreducible 3-manifold, Condition (II) of Definition 2.29 holds with L playing the role of
N. Since J is compact, so is L; and since pi1(J) is infinite cyclic, pi1(L) is infinite, so that
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L is non-discal, and pi1(L) has no rank-2 free abelian subgroup. Hence Conditions (I) and
(III) of Definition 2.29 hold as well. This completes the proof that (1) implies (2).
Now suppose that (2) holds, and let T be a toric boundary component of L. Let L′ denote
the 3-orbifold obtained from the disjoint union L  ((∂L) × [0, 1]) by gluing ∂L ⊂ L to
(∂L) × {0} ⊂ (∂L) × [0, 1] via the homeomorphism x 7→ (x, 1). Then L′ is homeomorphic
to L, and is therefore strongly atoral. In particular L′ is irreducible, and the toric 2-orbifold
T is not pi1-injective. Thus the hypotheses of Lemma 2.45 hold with L
′ playing the role of
N, and with T chosen as above. Hence either (a) ∂L bounds a 3-dimensional suborbifold
L′′ of intL′ which is homeomorphic to the quotient of D2 × S1 by the standard action of a
finite group, or (b) T is contained in the interior of a 3-dimensional discal suborbifold B of
intN . If (a) holds, we must have either L′′ = L or L′′ = T × [0, 1]; the latter alternative is
impossible, because the solid toric 3-orbifold L′′ has connected boundary. Hence L′′ = L, so
that (3) holds. If (b) holds, then pi1(B) is finite. But the construction of L
′ implies that L is
pi1-injective in L
′, and hence pi1(L) is finite. But if L˜ is a finite-sheeted manifold covering of
L (which exists by Condition (II) of Definition 2.29), then ∂L˜ has a torus component since
T is toric; it follows that H1(L˜;Q) 6= 0, which contradicts the finiteness of pi1(L). Hence (a)
cannot occur, and we have shown that (2) implies (3). 
Proposition 2.47. Let N be a componentwise strongly atoral, orientable 3-orbifold, and let
T ⊂ intN be a toric 2-suborbifold. Then either (a) T bounds a solid toric orbifold contained
in intN, or (b) T is contained in the interior of a discal 3-suborbifold of intN.
Proof. We may assume without loss of generality that N is connected, and is therefore
strongly atoral. In particular L′ is irreducible, and the toric 2-orbifold T is not pi1-injective.
The conclusion is now an immediate consequence of Lemma 2.45 and (the trivial part of)
Proposition 2.46. 
Corollary 2.48. Let N be a componentwise strongly atoral, orientable 3-orbifold, and let
T ⊂ N be a toric 2-suborbifold. Suppose that the image of the inclusion homomorphism
pi1(T)→ pi1(intN) is infinite. Then T bounds a solid toric orbifold contained in N.
Proof. After modifying T by a small non-ambient orbifold isotopy, we may assume T ⊂
intN. Then N and T satisfy the hypothesis of Proposition 2.47; but since of the inclusion
homomorphism pi1(T) → pi1(N) has infinite image, Alternative (b) of the conclusion of
Proposition 2.47 cannot hold. Hence Alternative (a) must hold.
This follows upon applying Proposition 2.47 to a toric suborbifold which is contained in
intN and is obtained from T by a small non-ambient orbifold isotopy. 
Proposition 2.49. Let N be a compact, orientable 3-orbifold, and let X be a pi1-injective
2-suborbifold of ∂N. Then silvXN (see 2.24) is irreducible if and only if (a) N is irreducible
and (b) X is pi1-injective in N.
Proof. First suppose that (a) and (b) hold. If G is a two-sided spherical 2-suborbifold of
silvXN, then since G is two-sided and closed, we may write G = silvD for some two-sided
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properly embedded 2-suborbifold D of N with ∂D ⊂ X. We have χ(D) = χ(G) > 0, so
that D is either spherical or discal. If D is spherical then D ⊂ intN; since N is irreducible,
D bounds a discal 3-suborbifold in intN, which may be identified with a discal suborbifold
of silvXN bounded by G. Now suppose that D is discal. Since X is pi1-injective in N,
it follows from Proposition 2.35 (more specifically the implication (a)⇒(b)) that there is
a discal suborbifold E of X with ∂E = ∂D. Thus E ∪ D is a spherical suborbifold of N,
non-ambiently isotopic to a two-sided suborbifold of intN. Since N is irreducible, E ∪ D
bounds a discal 3-suborbifold H of N. Then K := silvEH is a suborbifold of silvXN. Since
H, E and D = (∂H)− E are discal and orientable, the pair (H,E) is homeomorphic to
(E× [0, 1],E× {0}) (where || is a disk of weight at most 1), and hence K is discal. We have
∂K = G. Thus in either case G is the boundary of a discal 3-suborbifold of silvXN; this
proves that silvXN is irreducible.
Conversely, suppose that silvXN is irreducible. If P is a two-sided spherical 2-suborbifold of
intN, then P may be identified with a two-sided spherical 2-suborbifold of silvXN, which
bounds a discal 3-suborbifold K of silvXN by irreducibility; we may identify K with a discal 3-
suborbifold of N bounded by P. This establishes (a). To prove (b), according to Proposition
2.35, it suffices to show that if D is a discal 2-orbifold, properly embedded in N, such that
C := ∂D ⊂ X, and |D is in general position with respect to ΣN, then C bounds a discal
suborbifold of X. If we are given such a suborbifold D, the general position property of
|D| implies dim ΣD ≤ dim ΣN − 1; but dim ΣN ≤ 1 by the orientability of N, and hence
ΣD is a finite set. This implies that D is orientable. Hence silvD is a two-sided spherical
2-suborbifold of silvXN, which bounds a discal 3-suborbifold K of silvXN by irreducibility.
We may write |K| = |H| for some suborbifold H of N, and FrNH = D. Since K and D
are discal, |K| = |H| is a 3-ball and |D is a 2-disk. Hence (∂|H|) − int |D| is a disk, and in
particular E := H ∩ X = (∂H) − intD is a connected 2-orbifold with boundary C. But K
is canonically identified with silvEH, and hence E is the unique two-dimensional stratum of
K. Since K is discal, there exists a(n orbifold) covering map p : D3 → K such that every
component of p−1(E) is the fixed point set of an orientation-reversing orthogonal involution
of D3. Since a 2-dimensional fixed point set of an orthogonal involution of D3 is always a
disk, E is discal, and (b) is established. 
Proposition 2.50. Let L be an orientable, componentwise strongly atoral 3-orbifold, and let
X be a pi1-injective 2-suborbifold of ∂L. Then an orientable annular 2-orbifold P ⊂ L, with
P∩∂L = ∂P ⊂ X, is essential in the pair (L,X) if and only if the toric orbifold silvP, which
is canonically identified with a suborbifold of silvX L, is incompressible in silvX L and is not
parallel in silvX L (see 2.25) to a boundary component of silvX L. Furthermore, silvX L is
weakly atoral if and only if the pair (L,X) is acylindrical (see 2.42).
Proof. To prove the first assertion, first suppose that P is essential in the pair (L,X). To
prove that silvP is incompressible (i.e. pi1-injective) in silvX L, we apply Proposition 2.35,
letting silvX L and silvP play the roles of N and T. To prove pi1-injectivity, it suffices to
show that Condition (c) of Proposition 2.35 holds. Thus we consider an arbitrary discal
orbifold D ⊂ silvX L such that (i) D∩ silvP = ∂D, and (ii) |T| meets ΣN in general position
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in |N|. We are required to show that ∂D is the boundary of some discal suborbifold of
silvP. Consider first the case in which |∂D| ⊂ int | silvP| = int |P|. Then D is identified
with a discal suborbifold of L whose boundary is contained in P. Since P is essential, it
is in particular pi1-injective. It therefore follows from Proposition 2.35, this time applied
with L and P playing the roles of N and T, that ∂D = ∂E for some discal suborbifold of
P. Since |∂D| ⊂ int |P|, we have E ⊂ int |P|, and E may therefore be identified with a
discal suborbifold of silvP; this gives the required conclusion in this case. Now consider the
case in which |∂D| meets ∂|P| ⊂ |X| ⊂ ΣsilvX L. In particular we then have |∂D| ∩ ΣD 6= ∅;
since D is discal, it follows that |D| is a disk and that ΣD is an arc α ⊂ ∂|D|. Thus |∂D|
is the arc β := (∂|D|) − intα, and |D| is a weight-0 disk meeting ∂|N| in α and meeting
the orientable annular orbifold P in β. Now Condition (ii) above (with the definition of
general position given in 2.17) implies that |D| meets each one-dimensional stratum of ΣN
only in isolated points. Hence the arc α = ΣD ⊂ ΣN must be contained in the union of the
closures of the two-dimensional strata of N; that is, α ⊂ X. Since P is essential, it now
follows from Proposition 2.43 that β is the frontier of a weight-0 disk in |P|. Hence ∂D is
the boundary of a discal suborbifold of silvP in this case as well, and we have shown that
silvP is incompressible in silvX L.
Now suppose that silvP is parallel in silvX L to a boundary component of silvX L. Then by
definition there exists an embedding j : (silvP)×[0, 1]→ silvX L such that j((silvP)×{0}) =
silvP, and j((silvP)×{1}) ⊂ ∂(silvX L). Note that |∂P| × [0, 1] is a topological 2-manifold
contained in Σ(silvP)×[0,1]; hence |j|(|∂P|×[0, 1]) is contained in the union of the closures of the
two-dimensional strata of silvX L, which is |X|. On the other hand, (int |P|)×[0, 1] is an open
subset of |P× [0, 1]| whose intersection with ΣP×[0,1] is at most one-dimensional, and hence
|j|(int |P|)×[0, 1])∩|X| = ∅. It follows that |j|−1(|X|) = |∂P|×[0, 1], and therefore that there
is an embedding j′ : P× [0, 1]→ L such that |j′| = |j|. We then have j′((∂P)× [0, 1]) ⊂ X
and j′(P × {0}) = P. Furthermore, since |j|(|P| × {1}) ⊂ |∂(silvX L)| = (|∂L|)− |X|, we
have j′(P×{1}) ⊂ (∂L)− X. This shows that P is parallel in the pair (L,X) to a suborbifold
of (∂L)− X, a contradiction to the essentiality of P. Hence silvP is not parallel in silvX L
to a boundary component of silvX L.
Conversely, suppose that silvP is incompressible in silvX L and is not parallel to a boundary
component of silvX L. Note that the natural immersion α : P→ silvP is pi1-injective, since
it is the composition of the pi1-injective inclusion P → D(P) with the natural covering
map D(P) → silvP. By incompressibility the inclusion map i : silvP → silvX L is also
pi1-injective, and hence so is i ◦α : P→ silvX L. But we have i ◦α = β ◦h, where h : P→ L
is the inclusion and β : L→ silvX L is the natural immersion. Hence h is pi1-injective, i.e. P
is pi1-injective in L.
To show that P is essential in the pair (L,X), it remains to show that it is not parallel in
(L,X) either to a suborbifold of X or to a component of (∂L)− X. Assume to the contrary
that there is an embedding ι : P× [0, 1]→ L such that ι((∂P)× [0, 1]) ⊂ X, ι(P)×{0}) = P,
and ι(P × {1}) is contained either in X or in (∂L)− X. If ι(P × {1}) ⊂ X, and if we set
J = ι(P × [0, 1]) and B = ι(P × {1}), then DBJ ⊂ DXL is a solid toric orbifold whose
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boundary is DP; this is impossible, because the incompressibility of silvP in silvX L implies
that DP is pi1-injective in DXL. Now consider the case in which ι(P × {1}) ⊂ (∂L)− X.
Then, since ι((intP)× [0, 1)) ⊂ intL and ι((∂P)× [0, 1] ⊂ X, we have ι−1(X) = (∂P)× [0, 1];
hence there is an embedding ι′ : (silvP) × [0, 1] → silvX L such that |ι′| = |ι|. We have
ι′(silvP)×{0}) = silvP; and since |(∂L)− X| = |∂ silvX L|, we have ι′(P×{1}) ⊂ ∂ silvX L.
This shows that silvP is parallel in silvX L to a suborbifold of ∂(silvX L), which must be a
component of ∂(silvX L) since silvP is closed; this is a contradiction. This completes the
proof that P is essential in (L,X), and the first assertion of the proposition is established.
To prove the second assertion, first suppose that silvX L is weakly atoral. If P is an orientable
annular orbifold which is essential in the pair(L,X), then the first assertion implies that the
toric orbifold silvP is incompressible in silvX L and is not parallel to a boundary component
of silvX L; this contradicts the weak atorality of silvX L. Hence (L,X) is acylindrical.
Conversely, suppose that (L,X) is acylindrical. Since L is strongly atoral, it is irreducible
(see 2.29); as X is pi1-injective, it then follows from Proposition 2.49 that silvX L is irreducible.
Now suppose that T is an incompressible toric suborbifold of silvX L. Since T is in particular a
closed suborbifold of silvX L, we may write T = silvP for some two-sided, properly embedded
suborbifold P of L with ∂P ⊂ X. We have χ(P) = χ(T) = 0, so that P is either toric or
annular. If P is toric, then T = P, and the incompressibility of T in silvX L implies that
P is incompressible in L, a contradiction to the strong atorality of L see 2.29. Hence P is
annular. The acylindricity of the pair (L,X) implies that P is not essential in the pair (L,X).
It therefore follows from the first assertion of the present proposition that T is parallel to a
boundary component of silvX L. This shows that silvX L is weakly atoral. 
3. Fibrations of orbifolds
In this section we will define orbifold fibrations and establish some of their basic properties.
These will be used in developing the theory of the characteristic suborbifold in Section 4.
Definitions and Remarks 3.1. (Cf. [11], [10].) The following definitions and remarks are
meant to be interpretable in the topological, PL and smooth categories.
Suppose that L is a compact n-orbifold (where n will be 2 or 3 in all the applications)
and that B is a compact (n − 1)-orbifold. By a(n orbifold) fibration q : L → B (or a(n
orbifold) fibration of L with base B) we mean an orbifold submersion q : L → B having
the following property: for every x ∈ B, there exist a neighborhood V of v in G and a(n
orbifold) homeomorphism η : (D2×S1)/G→ q−1(V), where (1) G is a subgroup of G1×G2,
for some subgroups G1 and G2 of SO(2), and (2) if pi : D
2 × S1 → (D2 × S1)/G denotes the
orbit map, then η(pi({x}×S1)) is a fiber of q for each x ∈ D2, and η(pi({0}×S1)) = r−1(v).
(In the PL case, we recall that the actions of G1 and G2 on D
2 and S1 are PL by 2.7.)
We shall call q an S1-fibration or an I-fibration, respectively, if we can take J = S1—
or, respectively, J = [0, 1]—for every x ∈ B. (An argument similar to the connectedness
argument in the proof of Proposition 3.12 could be used to show that every orbifold fibration
with a connected base is either an S1-fibration or an I-fibration. This fact will not be needed.)
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If q : L → B is an orbifold fibration, then for every x ∈ |B|, the fiber over x is the
suborbifold q−1(x) of L; the fiber over x in an S1-fibration or an I-fibration is, respectively,
(orbifold-)homeomorphic to a quotient of S1 by a finite group action (and therefore to S1 or
[[0, 1]]) or to a quotient of [0, 1] by a finite group action (and therefore to [0, 1] or [[0, 1]).
An I-fibration q : L → B will be termed trivial if there exists a homeomorphism t : B ×
[0, 1]→ L such that q ◦ t : B× [0, 1]→ B is the projection to the first factor.
If a compact, connected 2-orbifold L admits an orbifold fibration whose base is a 1-orbifold,
then χ(L) = 0. Hence if L admits an I-fibration, then L is an annular orbifold (see 2.23).
If L is a compact, orientable 3-orbifold equipped with an I-fibration q : L → B, where B
is a 2-orbifold, we define the vertical boundary ∂vL to be the suborbifold q
−1(∂B), of L,
and we define the horizontal boundary ∂hL to be the suborbifold of L which is the union
(see 2.19 of the (orbifold-)boundaries of all the fibers. We have ∂L = ∂hL ∪ ∂vL, and
∂(∂hL) = ∂(∂vL) = ∂hL ∩ ∂vL. If B (or equivalently L) is connected, then ∂hL has at most
two components, because each component contains an endpoint of each fiber.
Note that q restricts to an I-fibration of ∂vL whose base is ∂B; hence ∂vL is annular. Note
also that q|∂hL : ∂hL→ B is a degree-2 orbifold covering.
Proposition 3.2. Let q : L→ B be a smooth S1-fibration of a smooth, orientable, compact,
very good 3-orbifold L over a smooth, compact, very good 2-orbifold B. Let |B| be equipped
with a distance function that defines its topology, and let ε > 0 be given. Then there exist
PL structures on L and B, compatible with their smooth structures, and a sequence (q′n)n≥1,
where q′n : L→ B is a PL fibration for each n ≥ 1, such that (|q′|)n≥1 converges uniformly to
|q|, and for each compact PL subset K of |q′n|−1(|B|−ΣB), the sequence (q′n|K)n≥1, converges
to q|K in the C1 sense.
Proof. Since q is an S1-fibration and L and B are very good, there exist finite-sheeted regular
coverings pL : L˜ → L and pB : B˜ → B such that L˜ and B˜ are connected manifolds, and a
locally trivial fibration q˜ : L˜→ B whose fiber is a (possibly disconnected) closed 1-manifold,
such that pB ◦ q˜ = q◦pL. Since the fiber of q˜ is closed, q˜ is a boundary-preserving map. If GL
and GB denote the covering groups of the coverings pL and pB respectively, q˜ is equivariant
in the sense that there is a homomorphism ρ : GL → GB such that q˜ ◦ g = ρ(g) ◦ q˜ for every
g ∈ GL. It follows from the main result of [29] that L˜ and B˜ have triangulations, compatible
with their smooth structures, and invariant under the actions of GL and GB respectively.
For the rest of the proof, the manifolds L˜ and B˜ will be understood to be equipped with the
PL structures defined by these triangulations; note that the orbifolds L and B inherit PL
structures, compatible with their smooth structures, and that pL and pB are then PL maps.
After replacing the triangulation of L˜ by its first barycentric subdivision, we may assume:
3.2.1. Each simplex of L˜ is pointwise fixed by its stabilizer under GL.
Let us fix a distance function h on (the total space of) the tangent bundle TB which
determines its topology. For any subset K of L˜ which is a union of closed simplices, any
piecewise smooth maps f, g : K → B˜, and any δ > 0, we will say that f and g are C1 δ-close
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if for every closed simplex σ ⊂ K, every point x ∈ σ and every tangent vector w to σ at x,
we have h(d(f |σ)(w), d(g|σ)(w)) < δ.
For k = −1, 0, 1, 2, 3, let L˜(k) denote the union of all simplices of dimension at most k in L˜.
Note that since L˜(k) is GL-invariant, it makes sense to speak of equivariant maps from L˜ to
B˜. By induction, for −1 ≤ k ≤ 3, we will show:
3.2.2. For any δ > 0 there is an equivariant PL map r(k) : L˜(k) → B˜ such that (1) r(k) is
δ-close to q˜|L˜(k), and (2) r(k)(L˜(k) ∩ ∂L˜) ⊂ ∂B˜.
Since 3.2.2 is trivial for k = −1, we need only show that if k is given with 0 ≤ k ≤ 3, and if
3.2.2 is true with k−1 in place of k, then it is true for the given k. Let δ′ be a positive number
less than δ, which for the moment will be otherwise arbitrary; we will impose a finite number
of smallness conditions on δ′ in the course of the proof of 3.2.2. Let r(k−1) : L˜(k−1) → B˜ be
an equivariant PL map such that r(k−1) is δ′-close to q˜|L˜(k−1), and r(k−1)(L˜(k−1)∩ ∂L˜) ⊂ ∂B˜.
Fix a complete set of orbit representatives D for the action of GL on the set of open k-
simplices of L˜. For each ∆ ∈ D, the stabilizer GL∆ fixes ∆ pointwise by 3.2.1. Since q˜ and
r(k−1) are equivariant, the sets q˜(∆) and r(k−1)(∂∆) are contained in Fix(ρ(GL∆)). If ∆ is an
element of D such that ∆ ⊂ ∂L˜, then since q˜ is boundary-preserving, we have q˜(∆) ⊂ ∂B˜;
furthermore, in this case we have r(k−1)(∂∆) ⊂ r(k−1)(L˜(k−1) ∩ ∂L˜) ⊂ ∂B˜. Thus if we set
E∆ = Fix(ρ(G
L
∆)) for each ∆ ∈ D such that ∆ 6⊂ ∂L˜, and E∆ = (∂B˜) ∩ Fix(ρ(GL∆)) for
each ∆ ∈ D such that ∆ ⊂ ∂L˜, then q˜(∆) and r(k−1)(∂∆) are contained in E∆ for each
∆ ∈ D. Note that Fix(ρ(GL∆)) is a PL subset of B˜ for each ∆, since the action of GB on B˜
is piecewise linear; since ∂B is PL, it follows that E∆ is a PL subset of B˜ for each ∆ ∈ D.
Note also that r(k−1)|∂∆ is δ′-close to q˜|∂∆. If we choose δ′ sufficiently small, it follows that
r(k−1)|∂∆ may be extended to a PL map q˜∆ : ∆ → E∆ ⊂ B˜, and that q˜∆ may be taken to
be arbitrarily C1-close to q˜|∆.
If ∆ is any open k-simplex of L˜, we may choose g ∈ GL so that ∆0 := g−1(∆) ∈ D, and
define a PL map q˜′∆ : ∆→ B˜ by q˜′∆ = ρ(g) ◦ q˜′∆0 ◦ g−1. Since q˜∆0(∆0) ⊂ E∆0 ⊂ Fix(ρ(GL∆0)),
the map q˜∆ does not depend on the choice of g, and this definition of q˜∆ specializes to the
earlier one when ∆ ∈ D. Note that if ∆ is any k-simplex contained in ∂L˜, then choosing
g and defining ∆0 as above, we have ∆0 ⊂ ∂L˜, and hence E∆ ⊂ ∂B; it follows that
q˜′∆(∆) ⊂ ρ(g)(E∆) ⊂ ∂B. Note also that since, for ∆ ∈ D, we may take q˜∆ to be arbitrarily
C1-close to q˜|∆ if δ′ is small enough, we may choose δ′ so that q˜∆ is C1 δ-close to q˜|∆ for
each k-simplex ∆ of L˜.
We may extend q˜k−1 to a PL map q˜k : L˜(k) → B˜ by setting q˜k|∆ = q˜∆ for every open
k-simplex ∆ of L˜. This map is equivariant by construction. Since r(k−1)(L˜(k−1) ∩ ∂L˜) ⊂ ∂B˜,
and q˜′∆(∆) ⊂ ∂B for each k-simplex ∆ ⊂ ∂L˜, we have r(k)(L˜(k) ∩ ∂L˜) ⊂ ∂B˜. Since q˜∆ is
C1 δ-close to q˜|∆ for each k-simplex ∆ of L˜, and r(k−1) is δ-close to q˜|L˜(k−1), the map r(k) is
δ-close to q˜|L˜(k). This proves 3.2.2.
It follows from the case k = 3 of 3.2.2 that there is a sequence (q˜′n)n≥1 of boundary-preserving
equivariant PL maps from L˜ to B˜ which converges in the C1 sense to q˜. It follows from
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equivariance that for each n ≥ 1 there is a unique PL map q′n : L→ B such that pB ◦ q˜′n =
q′n ◦ pL. The C1-convergence of q˜′n to q˜ implies in particular:
3.2.3. The sequence (|q′n|) converges uniformly to |q|, and for each compact PL subset K of
|q′n|−1(|B| − ΣB), the sequence (q′n|K)n≥1, converges to q|K in the C1 sense.
On the other hand, since the smooth locally trivial fibration q˜ is in particular a submersion,
the C1-convergence of q˜′n to q˜ implies that q˜
′
n is a PL submersion for sufficiently large n.
Since q˜′n is also boundary-preserving, we deduce:
3.2.4. For sufficiently large n, the map q˜′n : L˜ → B˜ is a locally trivial fibration whose fiber
is a (possibly disconnected) closed 1-manifold.
Set B = |B| − ΣB. Since B is connected, it follows from 3.2.4 that the map |q′n|
∣∣|q′n|−1(B) :
|q′n|−1(B)→ B is a locally trivial fibration for sufficiently large n, and that its fiber has the
form |C| for some orbifold quotient of the fiber of q˜′n; in particular, the fiber of |q′n|
∣∣|q′n|−1(B)
is a 1-manifold (so that each of its components is homeomorphic to S1 or to [0, 1]). We
claim:
3.2.5. For sufficiently large n, the fiber of |q′n|
∣∣|q′n|−1(B) : |q′n|−1(B)→ B is connected.
To prove 3.2.5, choose a point x ∈ B, and choose closed disk neighborhoods D0 and D of x
in B, with D0 ⊂ intD. It follows from 3.2.3 that for sufficient large n we have |q′n|−1(x) ⊂
|q|−1(D0), and |q′n|−1(D) ⊃ |q|−1(D0). But |q|−1(D0) is connected since q is an S1-fibration.
Hence |q|−1(D0) is contained in a component K of |q′n|−1(D), and in particular we have
|q′n|−1(x) ⊂ K. Thus |q′n|−1(x) is the fiber of the locally trivial fibration |q′n|
∣∣K : K → D.
Since the latter fibration has a connected total space and a simply connected base, it follows
from the exact homotopy sequence of this fibration that its fiber |q′n|−1(x) is connected. This
proves 3.2.5.
Now we claim:
3.2.6. The PL map q′n : L→ B is an S1-fibration for sufficiently large n.
To prove 3.2.6, note that, according to 3.2.4 and 3.2.5, for sufficiently large n, we have that
(a) q˜′n : L˜ → B˜ is a locally trivial fibration whose fiber is a closed 1-manifold; and (b) the
locally trivial fibration |q′n|
∣∣|q′n|−1(B) : |q′n|−1(B)→ B has connected fiber. We will establish
3.2.6 by showing that q′ := q′n : L→ B is an S1-fibration when (a) and (b) hold.
To this end, let any point x ∈ B be given. Since pB is a covering map and q˜′ is a locally trivial
fibration of manifolds having a closed 1-manifold as fiber, there is a connected neigborhood
U of x in B such that for every component U˜ of p−1B (U), the map pB|U˜ : U˜ → U is an
orbifold covering map, under which the pre-image of x consists of a single point; and the
map q˜′|(q˜′)−1(U˜) : (q˜′)−1(U˜) → U is a trivial fibration whose fiber is a closed 1-manifold.
Hence for any component W˜ of (pB ◦ q˜′)−1(U), the map q˜′|W˜ is a trivial fibration, whose
fiber is PL homeomorphic to S1 and whose base is a component of p−1B (U).
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Since B is dense in |B|, we may select a point y ∈ U ∩ ω(B). Condition (b) above implies
that (q′)−1(y) is connected.
For each component W˜ of (pB ◦ q˜′)−1(U) = (q′ ◦ pL)−1(U), our choice of U guarantees that
pB ◦ q˜′|W˜ = q′ ◦ pL|W˜ : W˜ → U is surjective. Now if W is any component of (q′)−1(U),
then since pL is an orbifold covering map, there is a component W˜ of (q
′ ◦ pL)−1(U) such
that pL(W˜) = W; and the surjectivity of q
′ ◦ pL|W˜ : W˜ → U implies that q′|W : W → U is
surjective. In particular we have W ∩ (q′)−1(y) 6= ∅. But (q′)−1(y) is connected, and W is
a component of (q′)−1(U); hence W ⊃ (q′)−1(y). Since the component W of (q′)−1(U) was
arbitrary, this shows that (q′)−1(U) is connected.
If we choose a component W˜0 of (q
′ ◦pL)−1(U), it follows from the connectedness of (q′)−1(U)
that pL maps W˜0 onto W0 := (q
′)−1(U). On the other hand, our choice of U guarantees
that s := q˜′|W˜0 is a trivial fibration, whose fiber is PL homeomorphic to S1 and whose
base is a component U˜0 of p
−1
B (U). If G and H denote the stabilizers G
L
W˜0
and GB
U˜0
, then
pL|W˜0 : W˜0 → W0 and pB|U˜0 : U˜0 → U are regular coverings whose respective covering
groups are G and H. The homomorphism ρ restricts to a homomorphism ρ′ : G → H, and
s is equivariant in the sense that s ◦ g = ρ′(g) ◦ s for every g ∈ G. In particular, the action
of G on W˜0 preserves the fibration s in the sense that each element of G maps each fiber of
s onto a fiber of s.
Our choice of U guarantees that the pre-image of x under the covering map pB|U˜0 : U˜0 → U
consists of a single point x˜. Hence x˜ is invariant under H, which implies that the fiber F :=
s−1(x˜) is invariant under G. Since the PL action of G on the PL 3-manifold W˜0 preserves
the fibration s, whose fiber is a 1-sphere, and leaves the fiber F invariant, some saturated
G-invariant PL neighborhood N of F in W˜0 may be identified via a PL homeomorphism
with D2 × S1 in such a way that the restricted action of G preserves the product structure;
that is, for each g ∈ G there are periodic PL homeomorphisms g1 and g2 of D2 and S1
respectively such that g(x, y) = (g1(x), g2(y)) for every (x, y) ∈ D2×S1 = N . We may write
N = s−1(V˜) for some neighborhood V˜ of x˜ in U˜0. Since N is G-invariant, V˜ is G-invariant,
so that V˜ = U˜0 ∩ p−1B (V) for some neighborhood V of x in U. The restriction of pL to
N = D2 × S1 induces a PL homeomorphism η : (D2 × S1)/G → (q′)−1(V), and Conditions
(1) and (2) of 3.1 are now seen to hold with q′ playing the role of q; thus q′ is an S1-fibration,
and 3.2.6 is proved.
According to 3.2.6, we may assume after truncating the sequence (q′n) that q
′
n is an S
1-
fibration for every n. With 3.2.3, this gives the conclusion of the proposition. 
Note that, according to the convention posited in 2.27, the PL category will be the default
category of orbifolds for the rest of this section.
Lemma 3.3. Let M be a weakly atoral 3-orbifold such that every component of ∂M is toric.
Suppose that M admits no (piecewise linear) S1-fibration, and that no component of ΣM is 0-
dimensional. Then for every rank-2 free abelian subgroup H of pi1(M), there is a component
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K of ∂M such that H is contained in a conjugate of the image of the inclusion homomorphism
pi1(K)→ pi1(M). Furthermore, no finite-sheeted cover of M admits an S1-fibration.
Proof. The weakly atoral orbifold M is by definition very good. Hence, by the main result of
[35], we may write M = NPL for some smooth orbifold N. Since M has only toric boundary
components, and has no 0-dimensional components in its singular set, the same is true of
N. Since M admits no PL S1-fibration, it follows from Proposition 3.2 that N admits no
smooth S1-fibration over a very good 2-orbifold.
If T is any smooth, closed 2-suborbifold of intN, then by the first assertion of the main
theorem of [29], there is a PL structure on the very good orbifold N, compatible with its
smooth structure, for which T is a smooth suborbifold. The second assertion of the main
theorem of [29] implies that N, equipped with this PL structure, is PL homeomorphic to
M. This shows that any smooth, closed 2-suborbifold of intN is (topologically) ambiently
homeomorphic to a PL surface in N. Since M is weakly atoral (and in particular irreducible),
it now follows that (A) every pi1-injective smooth toric suborbifold T of intN is topologically
boundary-parallel in N, in the sense that T is the frontier of a suborbifold topologically
homeomorphic to T × [0, 1]; and (B) every smooth spherical suborbifold T of intN bounds
a topological discal suborbifold of N.
Since N does not admit an S1-fibration, has only toric boundary components, has no 0-
dimensional components in its singular set, and has the properties (A) and (B) just stated,
it follows from the Orbifold Theorem [8], [18] (in the case where ΣN 6= ∅) or from Perelman’s
geometrization theorem [7], [16], [34], [38] (in the case where ΣN = ∅) that intN admits a
hyperbolic metric of finite volume. Hence for every rank-2 free abelian subgroup H of pi1(N),
there is a component K of ∂N such that H is contained in a conjugate of the image of the
inclusion homomorphism pi1(K)→ pi1(N). The first conclusion follows.
To prove the second assertion, assume that N admits an S1-fibration over a compact 2-
orbifold B. The finiteness of volN implies that pi1(N) has no abelian subgroup of finite
index; hence χ(B) < 0. This implies that B has a finite-sheeted cover B˜ which is an
orientable 2-manifold with χ(B˜) ≤ −2. There is a finite-sheeted cover N˜ of N admitting a
locally trivial fibration p : N˜→ B˜ with fiber S1. Since χ(B˜) ≤ −2, there is a simple closed
curve C ⊂ int B˜ which is not boundary-parallel in B˜. But then the image of the inclusion
homomorphism pi1(p
−1(C))→ pi1(B˜) is a rank-2 free abelian subgroup of pi1(B˜) which is not
carried by any component of ∂B˜. This contradicts the first assertion. 
Lemma 3.4. Let L be a compact, orientable 3-orbifold, let B be a compact 2-orbifold, and
let q : L→ B be an I-fibration. Then |q| : |L| → |B| is a homotopy equivalence.
Proof. For each x ∈ |B| we have |q|−1(x) = |I| for some fiber I of q. As observed in 3.1, I is
homeomorphic to either [0, 1] or [0, 1]], and hence |I| is a topological arc. In particular |I| is
contractible and locally contractible; hence by the theorem of [42], |q| induces isomorphisms
between homotopy groups in all dimensions. As |L| and |B| are triangulable, it follows from
Whitehead’s Theorem [27, Theorem 4.5] that |q| is a homotopy equivalence.
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
Definition 3.5. Let L be a compact, orientable 3-orbifold, and let X be a suborbifold of ∂L.
We shall say that an orbifold fibration of L is compatible with X if either (i) the fibration is an
I-fibration in which X = ∂hL, or (ii) the fibration is an S
1-fibration in which X is saturated.
We define an S-pair to be an ordered pair (L,X) where L is a compact, orientable 3-orbifold,
X ⊂ ∂L is a 2-orbifold, and L admits an orbifold fibration which is compatible with X. We
will say that an S-pair is page-like if Alternative (i) of the definition of compatibility holds,
and is binding-like if Alternative (ii) holds; these are not mutually exclusive conditions. We
will say that a page-like S-pair is untwisted if the I-fibration in Condition (i) can be taken
to be a trivial I-fibration (and otherwise that it is twisted).
Remarks and Definitions 3.6. Let N be a compact, orientable 3-orbifold which is strongly
atoral and boundary-irreducible. If L is a 3-suborbifold of N such that (L,L ∩ ∂N) is an
S-pair, then by definition L admits an orbifold fibration compatible with L ∩ ∂N. The defi-
nitions imply that, with respect to such a fibration, the suborbifold FrN L of L is saturated;
and if the S-pair (L,L∩ ∂N) is page-like we may take the fibration to be an I-fibration with
∂hL = L ∩ ∂N, in which case FrN L = ∂vL. In any event, the saturation of FrN L implies
that each of its components is an annular or toric orbifold, and each of its components must
be annular if (L,L ∩ ∂N) is page-like (see 3.1).
We define an S-suborbifold of N to be a 3-suborbifold L of N such that the components
of FrN L are annular suborbifolds of N which are essential in N, and (L,L ∩ ∂N) is an
S-pair. The S-suborbifold L will be called page-like, binding-like if (L,L ∩ ∂N) is a page-
like or binding-like S-pair, respectively. Similarly, a page-likeS-suborbifold L will be termed
untwisted or twisted if the page-like S-pair (L,L ∩ ∂N) is untwisted or twisted, respectively.
A 3-suborbifold L of N will be called an A-suborbifold of N if the components of FrN L are
essential annular suborbifolds of N, and (L,L ∩ ∂N) is an acylindrical pair (see 2.42).
Proposition 3.7. Let L be a solid toric orbifold, and let A be a pi1-injective 2-suborbifold of
∂L, each component of which is annular. Then (L,A) is a binding-like S-pair. Furthermore,
if A is connected and the inclusion homomorphism pi1(A)→ pi1(L) is an isomorphism, then
L admits a trivial I-fibration under which A is a component of ∂hL.
Proof. For any integer q ≥ 1, let Jq be defined as in 2.44. Recsall that Jq has both a natural
smooth structure and a natural PL structure; these are mutually compatible. Recall also
that, up to a homeomorphism which is at once smooth and PL, |Jq| may be identified with
D2 × S1, in such a way that ΣJq is the curve {0} × S1 and has order q (in the sense of 2.16)
if q > 1, and ΣJ1 = ∅ if q = 1. For any integer r > 1, let Dr denote the 2-orbifold such that
|Dr| = D2, and such that ΣDr = {0}, and 0 has order q. Let D1 denote the 2-orbifold such
that |D1| = D2 and ΣD1 = ∅. For any q ≥ 1, and for any relatively prime integers m and n
with m 6= 0, we may define a smooth S1-fibration pm,n,q : Jq → Dqm by pm,n,q(z, w) = zmwn.
For the purpose of this proof, for any integer m > 0, we define an m-admissible system
of arcs to be a set J ⊂ S1 which is a finite union of closed arcs, and has the property
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that the map z 7→ zm from J to S1 is injective. For any q ≥ 1, for any relatively prime
integers m and n with |n| < m, and for any m-admissible system of arcs J , set Am,n,q,J =
{(utn, t−m) : t ∈ S1, u ∈ J} ⊂ S1 × S1 = ∂Jq. Then Am,n,q,J is saturated in the fibration
pm,n,q, each component of |Am,n,q,J | is a smooth annulus disjoint from ΣJq , and |Am,n,q,J | has
the same number of components as J (because the m-admissibility of J implies that the map
(t, u) 7→ (utn, t−m) is one-to-one on S1 × J).
Suppose that L and A satisfy the hypotheses of the proposition. (According to our conven-
tions, L and its suborbifold A are PL.) According to Proposition 2.46, L may be identified
with the quotient of D2 × S1 by a standard action of a finite group. In view of the descrip-
tion given in 2.44 of the quotient of D2 × S1 by a standard action, it follows that up to PL
homeomorphism we have either (i) L = Jq for some q ≥ 1, or (ii) there is a q ≥ 1 such
that L is the quotient of Jq by the involution (z, w) 7→ (z, w), where bars denote complex
conjugation in D2 ⊂ C or S1 ⊂ C. If (i) holds, the hypothesis that the components of
A ⊂ ∂L = S1 × S1 are annular and pi1-injective in L implies that A is piecewise smoothly
isotopic to Am,n,q,J for some relatively prime integers m and n and some m-admissible system
of arcs J . Now since ∂Jq is disjoint from ΣJq , it follows from Proposition 3.2 that there is a
PL fibration pPLm,n,q of Jq such that p
PL
m,n,q|∂Jq is arbitrarily close in the C1 sense to pm,n,q. In
particular we can choose pPLm,n,q so that Am,n,q,J , which is saturated in the fibration pm,n,q, is
piecewise smoothly isotopic to a PL submanifold APLm,n,q,J which is saturated in p
PL
m,n,q. Thus
A is piecewise smoothly, and hence piecewise linearly, isotopic to APLm,n,q,J , and is therefore
saturated in some PL S1-fibration of Jq = L. This means that (L,A) is a binding-like S-pair.
This proves the first conclusion of the proposition in the case where (i) holds.
To prove the second conclusion in this case, note that if Am,n,q,J is connected then J is a
single arc. Note also that pi1(Jq) is isomorphic to Z× (Z/qZ). Hence pi1(Am,n,q,J) and pi1(Jq)
cannot be isomorphic unless q = 1. If we do have q = 1, then Jq is the manifold D
2 × S1,
and the image of the inclusion homomorphism pi1(Am,n,q,J) → pi1(Jq) = pi1(D2 × S1) has
index m in pi1(D
2 × S1). Hence if Am,n,q,J is connected and the inclusion homomorphism
pi1(Am,n,q,J)→ pi1(Jq) is an isomorphism, we have q = m = 1, so that Jq is a solid torus and
Am,n,q,J is an annulus in ∂Jq having winding number 1 in the solid torus Jq; hence the same
is true of the PL annulus A. It follows that Jq admits a trivial I-fibration under which A is
a component of ∂hJq. This completes the proof in the case where (i) holds.
We now turn to the case in which (ii) holds. We have wt |∂L| = 4 in this case, and every
point of Σ∂L has order 2. As L is the quotient of Jq by the involution τq : (z, w) 7→ (z, w),
the quotient map σq : Jq → L is a degree-two (orbifold) covering map, τq is its non-trivial
deck transformation, and L inherits a smooth structure from Jq, compatible with its PL
structure. We claim:
3.7.1. If A is any smooth annulus in |∂L|\ΣL such that ω(A) is pi1-injective in L, then some
self-diffeomorphism of L carries A onto an annulus A′ such that σ−1q (ω(A
′)) = Am,n,q,J for
some relatively prime integers m,n with |n| < m and some admissible system of arcs J having
exactly two components, which are interchanged by complex conjugation. Furthermore, the
image of the inclusion homomorphism pi1(ω(A))→ pi1(L) has index 2mq in pi1(L).
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To prove 3.7.1, let E : R2 → S1×S1 = ∂Jq denote the map defined by E(x, y) = (e2piix, e2piiy).
Then σq ◦ E : R2 → ∂L is a smooth orbifold covering map whose group of deck trans-
formations is the group Γ generated by the integer translations of R2 and the involution
(x, y) 7→ (−x,−y). Thus ∂L − Σ∂L may be identified with the four-punctured sphere
(R2 − Λ)/Γ, where Λ = (1/2)Z2 is the set of all fixed points of non-trivial elements of
Γ. It is a standard fact in two-dimensional topology (cf. [32, p. 243, Figure 7]) that every
simple closed curve C in (R2 − Λ)/Γ which separates (R2 − Λ)/Γ into two two-punctured
disks is isotopic to the image in (R2 − Λ)/Γ of a line of rational or infinite slope in R2
disjoint from Λ; the slope of this line, an element of Q ∪ {∞} which is uniquely determined
by C, will be referred to as the slope of C. Now if A satisfies the hypotheses of 3.7.1, the
pi1-injectivity of A implies that a core curve of A separates two points of Σ∂L from the other
two, and therefore has a well-defined slope. The pi1-injectivity of A also implies that the
slope of a core curve is non-zero; we will write as m/n0, where m and n0 are relatively prime
integers and m > 0. Then A is isotopic in ∂L−Σ∂L = (R2−Λ)/Γ to an annulus A′0 such that
σ−1q (ω(A
′
0)) = Am,n0,q,J for some admissible system of arcs J having exactly two components,
which are interchanged by complex conjugation.
Now write n0 = dm + n, where d, n ∈ Z and 0 ≤ n < m. The self-diffeomorphism η :
(z, w) 7→ (zw−d, w) of S1 × S1 = ∂Jq maps Am,n0,q,J onto Am,n,q,J and commutes with τq.
Hence η induces a self-homeomorphim of L which maps A′0 onto an annulus A
′ such that
σ−1q (ω(A
′)) = Am,n,q,J . This establishes the first assertion of 3.7.1.
To prove the second assertion of 3.7.1, choose a component J0 of J , and note that according
to the definition of Am,n,q,J0 , the image of the inclusion homomorphism ι : pi1(|Am,n,q,J0 |)→
pi1(|Jq|) has index m in pi1(|Jq|). We may identify pi1(Jq) with pi1(|Jq|) × Zq in such a way
that ι is the composition of the inclusion homomorphism κ : pi1(Am,n,q,J0)→ pi1(Jq) with the
projection to the first factor. Since pi1(Am,n,q,J0) is cyclic, it follows that the image of κ has
index mq in pi1(Jq). But Am,n,q,J0 is a lift of the annular orbifold ω(A
′) to the two-sheeted
cover Jq of L, and hence the image of the inclusion homomorphism ω(A
′)→ pi1(L) has index
2mq in pi1(L). Since some self-homeomorphism of L carries ω(A) onto ω(A
′), this completes
the proof of 3.7.1.
Let us now prove the first conclusion of the proposition in the subcase in which |A| is a single
weight-0 annulus. In this subcase, choose a smooth annulus Asmooth which is ambiently,
piecewise-smoothly isotopic to A. In view of 3.7.1, some self-diffeomorphism of L maps
Asmooth onto an annulus A
′
smooth such that σ
−1
q (A
′
smooth) = Am,n,q,J for some relatively prime
integers m,n with |n| < m and some m-admissible system of arcs J having exactly two
components. The definitions of τq and pm,n,q imply that the fibration pm,n,q is invariant
under τq, in the sense that τq maps each fiber onto a fiber. Hence pm,n,q induces a fibration
of L; and since σ−1q (A
′
smooth) = Am,n,q,J is saturated in the fibration p := pm,n,q, the annulus
A′smooth is saturated in the induced fibration p of L.
Now let V be a compact PL neighborhood submanifold of L which is a neighborhood of
A′smooth and is disjoint from ΣJq . It follows from Proposition 3.2 that there is a PL fibration
pPL of Jq such that |pPL| is arbitrarily close in the uniform sense to |p|, and pPL|V is arbitrarily
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close in the C1 sense to p|V . In particular we can choose pPL so that A′smooth, which is
contained in intV and is saturated in the fibration p, is piecewise smoothly isotopic to a
PL submanifold A′ which is contained in intV and is saturated in p. Thus A is piecewise
smoothly, and hence piecewise linearly, isotopic to A′, and is therefore saturated in some PL
S1-fibration of Jq = L. Hence the pair (L,A) is a binding-like S-pair, and the first conclusion
is established in this subcase.
We next prove the first conclusion in the more general subcase in which every component |A|
is a single weight-0 annulus. Since each component of |A| separates two points of Σ∂L from
the other two, the core curves of the components of |A| are all parallel, and hence there is a
single pi1-injective weight-0 annulus B containing |A|. By the subcase proved above, letting
B := ω(B) play the role of A, the suborbifold B is saturated in some S1-fibration p of L.
The restriction of p to B is an S1-fibration of the annulus B, and since the components of
A are pi1-injective in L and hence in B, the suborbifold A is isotopic in B to a suborbifold
which is saturated in the restricted fibration of B, and is therefore saturated in the fibration
p of L. This shows that (L,A) is a binding-like S-pair, and the first conclusion is established
in this more general subcase.
We can now prove the first conclusion whenever (ii) holds. Let C denote a strong regular
neighborhood of ∂A relative to (∂L)−intA. Then C is pi1-injective in L, and each component
of |C| is a weight-0 annulus. Applying the subcase just proved, with C playing the role of A,
we obtain an S1-fibration of ∂L in which C is saturated. Since A is a union of components
of (∂L) − intC, it follows that A is saturated in this fibration, and the proof of the first
conclusion is complete.
To prove the second conclusion in the case where (ii) holds, suppose that A is connected and
that the inclusion homomorphism pi1(A)→ pi1(L) is an isomorphism. In particular pi1(A) is
isomorphic to pi1(L) and is therefore not cyclic; thus |A| is not a weight-0 annulus. Hence
|A| must be a weight-2 disk and the points of ΣA must have order 2. In particular, ∂A is
connected. Hence, if we again let C denote a regular neighborhood of ∂A in ∂L− intA, then
|C| is a weight-0 annulus. The pi1-injectivity in L of the annular orbifold A implies that C
is also pi1-injective. Now let C be a smooth annulus which is ambiently, piecewise-smoothly
isotopic to |C| in |L| − ΣL. In view of 3.7.1, we may assume without loss of generality
that σ−1q (ω(C)) = Am,n,q,J for some relatively prime integers m,n with |n| < m and some
m-admissible system of arcs J having exactly two components, which are interchanged by
complex conjugation.
On the other hand, since |A| is a weight-2 disk and the points of ΣA have order 2, the image of
the inclusion homomorphism pi1(∂ ω(C))→ pi1(A) has index 2 in pi1(A). Since the inclusion
homomorphism pi1(A)→ pi1(L) is an isomorphism, the image of the inclusion homomorphism
pi1(∂A) → pi1(L) has index 2 in pi1(L). Now since, by the final assertion of 3.7.1, the image
of the inclusion homomorphism pi1(C) → pi1(L) has index 2mq in pi1(L), we have 2mq = 2
and hence m = q = 1. Since q = 1, the orbifold Jq is simply the manifold D
2×S1, and since
|n| < m = 1 we have n = 0. Thus we have σ−11 (ω(C)) = A1,0,1,J , which by definition means
that σ−11 (ω(C)) = J × S1. Since the pairs (L,C) and (L, ω(C)) are piecewise smoothly, and
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hence piecewise linearly, homeomorphic, we may identify L with (D2 × S1)/〈τ1〉, via a PL
homeomorphism, in such a way that C = (J × S1)/〈τ1〉.
Let h : D2 → [0, 1] × [−1, 1] be a PL homeomorphism such that h(z) = ρ(h(z)) for each
z ∈ D2 ⊂ C, where the bar denotes complex conjugation and ρ is the reflection about the
x-axis in [0, 1] × [−1, 1] ⊂ R2. Since the components of J are interchanged by complex
conjugation, we may choose h in such a way that h(J) = [0, 1] × {−1, 1}. If we define
a homeomorphism H : D2 × S1 → [0, 1] × [−1, 1] × S1 by H(z, w) = (h(x), w), we then
have H ◦ τ1 = τ ∗ ◦ H, where τ ∗(x, y, w) = (x,−y, w). Hence H induces a homeomorphism
H : L→ ([0, 1]× [−1, 1]×S1)/〈τ ∗〉. We have H(C) = [0, 1]×{−1, 1}×S1)/〈τ ∗〉. Since A is a
component of (∂L)−intC, we may assume, after possibly replacing H by its postcomposition
with (x, y, w) → (1 − x, y, w), that H(A) = ({0} × [−1, 1] × S1)/〈τ ∗〉. This shows that the
pair (L,A) is PL homeomorphic to the pair (A× [0, 1],A× {0}), and the second conclusion
is proved in this case. 
Corollary 3.8. Let p : N˜→ N be a covering map of orientable 3-orbifolds that are compo-
nentwise strongly atoral. Let X be a pi1-injective suborbifold of ∂N. Then for any essential
orientable annular 2-orbifold P in the pair (N,X), every component of p−1(P) is essential
in the pair (N˜, p−1(X)).
Proof. Set X˜ := p−1(X˜).
Since P is essential, it is in particular pi1-injective; and since p is an orbifold covering map,
p] : pi1(N˜) → pi1(N) is injective. It follows that p−1(P) is pi1-injective. It remains to show
that no component of p−1(P) is parallel in the pair (N˜, X˜) either to a suborbifold of X˜ or to
a component of (∂N˜)− X˜.
Assume that this is false. Then there is a 3-suborbifold L˜ of N˜ such that (i) FrN˜ L˜ is a
single component of p−1(P), and (ii) L˜ admits a trivial I-fibration under which FrN˜ L˜ is a
component of ∂hL˜, the other component of ∂hL˜ is contained either in X˜ or in (∂N˜)− X˜, and
∂vL˜ ⊂ X˜.
We may assume that, among all 3-suborbifolds of L˜ for which (i) and (ii) hold, L˜ is minimal
with respect to inclusion. Set P˜ = FrN˜ L˜, so that P˜ is a union of components of p
−1(P).
Thus either (a) there is a component P˜′ of p−1(P) contained in L˜ and disjoint from P˜, or
(b) L˜ ∩ p−1(P) = P˜. In each case we will obtain a contradiction.
First suppose that (a) holds. It follows from (ii) that the inclusion homomorphismH1(|P˜|;Q)→
H1(|L˜|;Q) is an isomorphism. Since |P˜′| is disjoint from |P˜|, the 2-manifold |P˜′| separates
|L˜|. Hence there are 3-suborbifolds L˜′ and L˜′′ of L˜ such that L˜′ ∩ L˜′′ = P˜′, L˜′ ∪ L˜′′ = L˜,
and P˜ ⊂ L˜′′. In particular Condition (i) holds with L˜′ in place of L˜. We will show that
Condition (ii) also holds with L˜′ in place of L˜. This will contradict the minimality of L˜.
As a component of p−1(P), the orbifold P˜′ is pi1-injective in N˜. It therefore follows from
Lemma 2.41 that L˜′ is strongly atoral. If T denotes the component of ∂L˜′ containing P˜′, then
T is the union of the annular orbifold P˜′ with one or more components of L˜′ ∩ ∂N˜. These
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components of L˜′ ∩ ∂N˜ are contained in the annular orbifold L˜ ∩ ∂N˜, and are bounded by
components of ∂P˜′, which are pi1-injective in N˜ since P˜′ is; hence, by 2.34, the components
of L˜′ ∩ ∂N˜ contained in T are annular. It follows that T is toric. We now deduce from
Proposition 2.46 that L˜′ is a solid toric orbifold.
Since P˜′ is pi1-injective in N˜, we may write pi1(N˜) as a free product with amalgamation
pi1(L˜
′) ?pi1(P˜′) pi1(L˜
′′), using a base point in P˜′. Hence if L′, L′′ and P denote the respective
images of pi1(L˜
′), pi1(L˜′′) and pi1(P˜′) under the inclusion homomorphisms into pi1(N˜), we
have L′ ∩ L′′ = P . But since P˜ ⊂ L˜′′, and since L˜ satisfies (ii), we have L′′ = pi1(N˜). Hence
L′ = P , i.e. the inclusion pi1(P˜′)→ pi1(L˜′) is an isomorphism. It therefore follows from Prop.
3.7 that L˜′ admits a trivial I-fibration under which P˜′ = FrN˜ L˜
′ is a component of ∂hL˜.
Let Z˜ denote the component of ∂hL˜ distinct from P˜ (where L˜ has the I-fibration given by
(ii)). Let Z˜′ denote the component of ∂hL˜′ distinct from P˜′.
Since the boundary of FrN˜ L˜
′ = P˜′ is contained in int X˜, the orbifold L˜′ ∩ (∂N˜)− X˜ is a
union of components of L˜ ∩ (∂N˜)− X˜. But Condition (ii) for L˜ implies that L˜ ∩ (∂N˜)− X˜
either is empty or is equal to Z˜ (and hence connected). Hence either L˜′ ∩ (∂N˜)− X˜ = ∅ or
L˜′∩(∂N˜)− X˜ = Z˜. If L˜′∩(∂N˜)− X˜ = ∅, then ∂vL˜′∪ Z˜′ ⊂ int X˜, which establishes Condition
(ii) for L˜′ in this subcase. Now consider the subcase in which L˜′ ∩ (∂N˜)− X˜ = Z˜. We then
have Z˜ ⊂ L˜′ ∩ ∂N˜ ⊂ L˜ ∩ ∂N˜. But Condition (ii) for L˜ implies that L˜ ∩ ∂N˜ = Z˜ ∪ ∂vL˜, and
hence L˜ ∩ ∂N˜ is a regular neighborhood of Z˜ in ∂N. Since ∂(L˜′ ∩ ∂N˜) is pi1-injective in ∂N˜,
it follows that L˜′∩∂N˜ is a regular neighborhood of Z˜ in ∂N. But since P˜′ = FrN˜ L˜′, we have
L˜′ ∩ ∂N˜ = Z˜′ ∪ ∂vL˜′, and hence L˜′ ∩ ∂N˜ is a regular neighborhood of Z˜′ in ∂N˜. Thus Z˜ and
Z˜′ are (orbifold-)isotopic in L˜′ ∩ ∂N˜, and we may therefore modify the I-fibration of L˜′ so
as to arrange that Z˜′ = Z˜. This establishes Condition (ii) in this subcase, and so we always
have the required contradiction in the case where (a) holds.
Now suppose that (b) holds. Then L˜ is the closure of a component of N˜ − p−1(P). Hence
we may write L˜ = p−1(L), where L is the closure of some component of N − P. Thus
q := p|L˜ : L˜→ L is a(n orbifold-) covering. Since (b) holds, we have q−1(P) = P˜. Since L is
covered by the solid toric orbifold L˜, it follows from the definition that L is itself a solid toric
orbifold. Since P˜ is connected, and since the inclusion homomorphism pi1(P˜)→ pi1(L˜) is an
isomorphism by (ii), the inclusion homomorphism pi1(P) → pi1(L) is also an isomorphism.
It now follows from Proposition 3.7 that L has a trivial I-fibration under which P is a
component of ∂hL.
Let Z denote the component of ∂hL distinct from P. Let Z˜ denote the component of ∂hL˜
distinct from P˜, under the I-fibration of L˜ given by Condition (ii). According to that
condition we have ∂vL˜ ⊂ X˜, and Z˜ is contained either in X˜ or in (∂N˜)− X˜. If Z˜ ⊂ X˜ then
L˜ ∩ ∂N˜ ⊂ X˜; hence L ∩ ∂N ⊂ X, i.e. ∂vL ∪ Z ⊂ X. Thus in this subcase P is parallel in the
pair (N,X) to a suborbifold of X, a contradiction to the essentiality of P.
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If Z˜ ⊂ (∂N˜)− X˜, then Z˜ = L˜ ∩ (∂N˜)− X˜. But Z˜ is connected, and the inclusion homo-
morphism pi1(Z˜) → pi1(L˜) is an isomorphism. Hence V := L ∩ (∂N)− X is connected,
and the inclusion homomorphism pi1(V) → pi1(L) is an isomorphism. But we have V ⊂
L ∩ ∂N = (∂vL) ∪ Z. The orbifold (∂vL) ∪ Z is connected, and the inclusion homomor-
phism pi1((∂vL) ∪ Z) → pi1(L) is an isomorphism. The inclusion homomorphism pi1(V) →
pi1((∂vL) ∪ Z) is therefore also an isomorphism, so that (∂vL) ∪ Z is a regular neighborhood
of V in ∂N. As (∂vL) ∪ Z is also a regular neighborhood of Z in ∂N, it follows that V and
Z are isotopic in (∂vL) ∪ Z. Hence after modifying the I-fibration of L we may assume that
V = Z. This means that P is parallel in the pair (N,X) to the component V of (∂N)− X,
and we again have a contradiction to the essentiality of P. 
Lemma 3.9. Let L be a suborbifold of a componentwise strongly atoral, componentwise
boundary-irreducible, orientable 3-orbifold N. Then L is a binding-like S-suborbifold of N if
and only if (i) L is a solid toric orbifold and (ii) every component of FrN L is an essential
annular suborbifold of N.
Proof. Suppose that L is a binding-like S-suborbifold of N. Consider first the case in which
∂L 6= ∅, and fix a component T of ∂L. Since L is a binding-like S-suborbifold, T admits
an S1-fibration over a closed 1-orbifold, and is therefore toric. Since the components of
FrL are essential, and in particular pi1-injective, in the strongly atoral orbifold N, it follows
from Lemma 2.41 that L is strongly atoral. Since T is toric, L satisfies Condition (2) of
Proposition 2.46, and according to the latter proposition it is a solid toric orbifold. This is
Condition (i) of the statement of the present lemma, and Condition (ii) is immediate from
the definition of an S-suborbifold.
Now consider the case in which L is closed. Then L is a component of N and is therefore
strongly atoral. According to Condition (II) of Definition 2.29, some finite-sheeted covering
space L˜ of L is an irreducible 3-manifold. But by definition the binding-like S-suborbifold L
admits an S1-fibration, and L˜ inherits an S1-fibration q : L˜→ B for some closed 2-orbifold
B. Since L is irreducible, B is infinite and therefore has an element of infinite order. This
implies that pi1(L˜) has a rank-2 free abelian subgroup, a contradiction to Condition (II) of
Definition 2.29. Hence this case cannot occur, and we have proved that if L is a binding-like
S-suborbifold then (i) and (ii) hold.
Conversely, suppose that (i) and (ii) hold. It follows from (ii) that the components of FrN
are pi1-injective in N as well as being annular. Hence Proposition 3.7 implies that (N,FrN) is
a binding-like S-pair. As (ii) includes the assertion that the components of FrN are essential
in N, it now follows that L is a binding-like S-suborbifold of N. 
Proposition 3.10. Let L be an orientable 3-orbifold equipped with an I-fibration over a
2-orbifold, with χ(L) < 0, and let A be an essential orientable annular suborbifold of the pair
(L, ∂hL). Then L is isotopic in the pair (L, ∂hL) to a saturated annular suborbifold.
Proof. Set X = ∂hL and N = silvX L, and let T denote the toric suborbifold silvA of
intN. According to Proposition 2.50, T is pi1-injective in N and has no boundary-parallel
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component. The I-fibration of L gives rise to an S1-fibration of X in which the fibers
are obtained by silvering the fibers of L. The base of the I-fibration of L, which we will
denote by B, is also the base of the S1-fibration of N. It follows from the PL version of [11,
Verticalization Theorem 4] (see 2.27) that T is isotopic inN to a suborbifold T′ which is either
“vertical,” in the sense of being saturated in the S1-fibration of N, or “horizontal,” in the
sense of being transverse to the fibers. If T′ is horizontal then T is a(n orbifold) covering of B;
if d denotes the degree of the covering, the toricity of T gives 0 = χ(T) = χ(T) = dχ(B), so
that χ(B) = 0. But by hypothesis we have 0 > χ(L) = χ(B), a contradiction. Hence T′ must
be vertical, i.e. saturated. We may therefore write T′ = silvA′ for some saturated suborbifold
A′ of L. Since T = silvA is isotopic in N = silvX L to T′ = silvA′, the suborbifolds A and
A′ of L are isotopic. 
Corollary 3.11. Let (L,X) be an S-pair such that L is strongly atoral, and let A be an es-
sential orientable annular suborbifold of the pair (L,X). Then L admits an orbifold fibration
compatible with X in which A is saturated.
Proof. In the case where χ(L) < 0, the S-pair (L,X) must be page-like, since an orbifold
admitting an S1-fibration has Euler characteristic 0; thus in this case the assertion follows
from Proposition 3.10. Now suppose that χ(L) ≥ 0. Since A is annular, the (possibly
disconnected) 3-orbifold L′ := L†A also has non-negative Euler characteristic. By Lemma
2.41, L′ is componentwise strongly atoral; in particular, L′ is componentwise irreducible and
has no discal component, so ∂L′ has no spherical component. Since χ(∂L′) = 2χ(L′) ≥ 0, it
now follows that every component of ∂L′ is toric. Hence by Proposition 2.46, L′ is a solid
toric orbifold. If we set A˜ = ρ−1A (A) and X˜ = ρ
−1
A (X) (see 2.6), , each component of X˜  A˜ is
annular and pi1-injective in L
′. By Proposition 3.7, (L′, X˜ ∪ A˜) is a binding-like S-pair, i.e.
L′ has an S1-fibration in which A˜ and X˜ is saturated. Since the S1-fibration of an annular
2-orbifold is unique up to isotopy, we may choose the S1-fibration of L′ in such a way that τA
(see 2.6) interchanges the induced fibrations of the components of A˜. This implies that L has
an S1-fibration in which A and X is saturated, which gives the conclusion in this case. 
Proposition 3.12. Let L be a compact, connected, orientable 3-orbifold, and let X be a
compact 2-suborbifold of ∂L. Then silvX L admits an S
1-fibration over a 2-orbifold if and
only if (L,X) is an S-pair.
Proof. Set M = silvX L.
First suppose that (L,X) is an S-pair. By definition this means that there is a fibration
q : L→ B of L over a 2-orbifold B such that either (i) q is an I-fibration and X = ∂hL, or
(ii) L is an S1-fibration and X is saturated. If (ii) holds, write X = q−1(α) for some 1-orbifold
α ⊂ B, and set G = silvαB. If (i) holds, set G = B. In each case there is a unique fibration
r : M→ G such that |r| = |q|. (In Case (i), the fibers of r are homeomorphic to [[0, 1]].)
Conversely, suppose that r is an S1-fibration of M over a 2-orbifold G. Consider an arbitrary
point v of G. It follows from the definition of an S1-fibration (see 3.1) that there exist a
neighborhood V of v in G and a(n orbifold) homeomorphism η : (D2 × S1)/G → r−1(V),
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where (1) G is a subgroup of G1 × G2, for some subgroups G1 and G2 of of SO(2), and (2)
if pi : D2 × S1 → (D2 × S1)/G denotes the orbit map, then η(pi({x} × S1)) is a fiber of
r for each x ∈ D2, and η(pi({0} × S1)) = r−1(v). (Since we are in the PL category, this
should be interpreted in terms of the PL structures on S1 and D2 discussed in 2.7.) Now
the canonical two-sheeted covering map from DXL ro M maps X homeomorphically onto
a 2-orbifold X′ ⊂ M. Since L is orientable, the definition of M = silvX L implies that
X′ ⊂ M is the union of all closures of 2-dimensional strata of ΣM. Hence the pre-image of
X′ ∩ r−1(V) under the covering map P = η ◦ pi is the union of all 2-dimensional fixed point
sets of elements of G. Each such 2-dimensional fixed point set is either equal to D2×{−1, 1}
or has the form ` × S1, for some diameter ` of D2. But P−1(X′ ∩ r−1(V)) is a 2-manifold
since X′ is a 2-suborbifold of M, and it follows that the union expressing P−1(X′ ∩ r−1(V))
must consist of at most a single term. This proves:
3.12.1. For every v ∈ G there exist a neighborhood V of v in G and a regular covering map
P : D2 × S1 → r−1(V) such that (a) P maps {x} × S1 onto a fiber of r for each x ∈ D2,
and (b) P−1(X′ ∩ r−1(V)) either (I) is empty, (II) is equal to D2 × {−1, 1}, or (III) has the
form ` × S1 for some diameter ` of D2. Furthermore, if (II) or (III) holds, there is a deck
transformation of the covering P : D2×S1 → r−1(V) which interchanges the components of
(D2 × S1)− P−1(X′ ∩ r−1(V)).
Let U denote the set of all points v ∈ G such that there exist a neighborhood V of v and a
regular covering map P satisfying Condition (a), and Alternative (I) or (III) of Condition (b),
of 3.12.1; and let U′ denote the set of all points v ∈ G such that there exist a neighborhood V
of v and a regular covering map P satisfying Condition (a), and Alternative (II) of Condition
(b). Then U∪U′ = |G|. It is clear that U and U′ are open. Furthermore, the fiber over every
point of U is either contained in X′ or disjoint from X′, while the fiber over every point of U′
meets X′ in one or two points. Thus U ∩ U′ = ∅. But G is connected since L is connected,
and hence either G = U or G = U′.
In the case where G = U, the local definition of U implies that X′ is saturated in the fibration
r : M→ G, and we may therefore write X′ = r−1(α) for some 1-suborbifold of G. The local
definition of U also implies that |α| is a component of ΣG. Hence in this case there is a
2-orbifold B such that the orbifold with |B| = |G| and ΣB = ΣG − |α|. In the case where
G = U′, we set B = G. In either case we have |B| = |G|, and since |M| = |L|, we may
regard |r| as a map of sets from |L| to |B|.
If z ∈ B is given, then since |B| = |G|, we may regard z as a point of G. Choose a
neighborhood V of z in G, and a regular covering map P : D2 × S1 → r−1(V), having the
properties stated in 3.12.1. Then |V| = |W| for some neighborhood W of z in B. Since
r−1(W) is a suborbifold of M, there is a suborbifold Y of L such that |Y| = |r−1(W)|.
If alternative (II) or (III) of Condition (b) of 3.12.1 holds, let us choose a component of
(D2×S1)−P−1(|X′|) and denote its closure by Z. If Alternative (I) holds we set Z = D2×S1.
In view of the final assertion of 3.12.1, R := P |Z is a covering map from Z to Y.
VOLUME AND HOMOLOGY FOR HYPERBOLIC 3-ORBIFOLDS, I 43
On the other hand, if Alternative (I), (II) or (III) holds, then Z is naturally identified,
respectively, with D2 × S1, or D2 × γ where γ is a semicircular arc, or H × S1 where H is a
half-disk. Furthermore, in these respective cases we have P−1(X′) = ∅, P−1(X′) = D2 × ∂γ,
or P−1(X′) = ` × S1 where ` ⊂ ∂H is the diameter of the half-disk H. It follows that if
G = U, so that (I) or (III) holds, then |r| ◦ |R| : Z → |W| may be regarded as an S1-fibration
of Z over W in which R−1(X′) is saturated; and that if G = U′, so that (II) holds, then
|r| ◦ |R| may be regarded as an I-fibration of Z over W in which ∂hX = R−1(X). Combining
this with the fact that R : Z → Y is a covering map, we deduce that if G = U then |r|
defines an S1-fibration of L over B in which X′ is saturated, and that if G = U′ then |r|
defines an I-fibration of L over B for which ∂hL = X
′. In the respective cases, (L,X) is by
definition a binding-like S-pair or a page-like S-pair. 
Proposition 3.13. Let (L,X) be an acylindrical pair which is not an S-pair. Suppose that
L is strongly atoral, and that every component of (∂L) − intX is an annular orbifold. Let
p : L˜ → L be a finite-sheeted covering of L, and suppose that L˜ is strongly atoral. Then
(L˜, p−1(X)) is acylindrical and is not an S-pair.
Proof. Since (L,X) is an acylindrical pair and L is strongly atoral, it follows from Proposition
2.50 that M := silvX L is weakly atoral. Since (L,X) is not an S-pair, it follows from
Proposition 3.12 thatM does not admit an S1-fibration. Furthermore, since every component
of (∂L)− intX is annular, every component of ∂M has Euler characteristic 0 and is therefore
toric. Since L is orientable by the definition of an acylindrical pair, ΣM has no 0-dimensional
components. It now follows from Lemma 3.3 that for every rank-2 free abelian subgroup H
of pi1(M), there is a component K of ∂M such that H is contained in a conjugate of the
image of the inclusion homomorphism pi1(K)→ pi1(M). Furthermore, no finite-sheeted cover
of M admits an S1-fibration; hence by Proposition 3.12, (L˜, X˜) is not an S-pair..
If we set X˜ = p−1(X), then M˜ := silvX˜ L˜ is a finite-sheeted cover of M.
To show that that (L˜, X˜) is acylindrical, suppose to the contrary that there is an essential
annular 2-orbifold P in the pair (L˜, X˜). Let q : L˜′ → L˜ be a finite-sheeted covering such
that L˜′ is an orientable manifold. Set X˜′ = q−1(X˜). Then M˜′ := silvX˜′ L˜
′ is a finite-sheeted
covering of M˜, and therefore of M. Since the manifold M := DX˜′L˜
′ is a two-sheeted cover
of M˜′, it follows that M is a finite-sheeted cover of M. Hence every rank-2 free abelian
subgroup of pi1(M) is carried up to conjugacy by some component of ∂M .
Now fix a component A of q−1(P). Since L˜′ is a manifold, A is an annulus. Since P is
essential in (L˜, X˜), it follows from Corollary 3.8 that A is essential in (L˜′, X˜′). In particular
A is pi1-injective in L˜, and is not parallel in (L˜
′, X˜′) to an annulus in X˜′. Hence the torus
T := DA is pi1-injective in M . Thus the image of the inclusion pi1(T ) → pi1(M) is a free
abelian group of rank 2, and is therefore carried up to conjugacy by some component of ∂M .
This implies (via a standard application of [45, Lemma 5.1]) that T is boundary-parallel in
M ; that is, there is a submanifold K of M , homeomorphic to T 2 × [0, 1], with FrM K = T .
The canonical involution ι of M = DX˜′L˜
′, which interchanges the two copies of L˜′ in M , leaves
T = DA invariant; if ι were to interchange K and M −K then M would be homeomorphic
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to T 2 × [−1, 1], a contradiction to finite volume. Hence K is ι-invariant. Thus for some
submanifold J of L˜′ we have K = DBJ , where B = X˜′ ∩ J . Since K is connected, so is J .
The essentiality of A implies that FrX˜′ B = ∂A is pi1-injective in L˜
′, and in particular in
X˜; hence B is pi1-injective in X˜, hence in L˜
′, and in particular in J . This implies that J is
pi1-injective in K, so that pi1(J) is free abelian of rank at most 2. But rank pi1(J) 6= 2 since L
is strongly atoral, and rankpi1(J) 6= 0 since J contains the pi1-injective torus A. Hence pi1(J)
is infinite cyclic, so that J is a solid torus (see [28, Theorem 5.2]). Since A is a pi1-injective
annulus on the torus T , the image of the inclusion homomorphism pi1(A) → pi1(K) is a
maximal cyclic subgroup of pi1(K), and hence the inclusion homomorphism pi1(A) → pi1(J)
is an isomorphism. If we set A′ = J ∩ (∂L˜′)− X˜, then T ′ := DA′ is a boundary torus of
K, and hence A′ is an annulus which is homotopically non-trivial in K and therefore in J .
It now follows that the triad (J,A,A′) homeomorphic to (A,A × {1}, A × {0}), so that A
is parallel in (L˜′, X˜′) to the component A′ of (∂L˜′)− X˜. This contradicts the essentiality of
A. 
4. The characteristic suborbifold
The proof of the following result, which is the basis of our treatment of the characteristic
suborbifold theory, was suggested by the discussion on p. 445 of [11].
Proposition 4.1. Let N be a 3-orbifold which is orientable, componentwise strongly atoral,
and componentwise boundary-irreducible. Then up to (orbifold) isotopy there exists a unique
properly embedded 2-suborbifold Q of N such that (1) each component of Q is two-sided and
annular and is essential (see 2.42) in N, (2) each component L of N− H, where H is a
strong regular neighborhood of Q in N, is either an S-suborbifold or an A-suborbifold of N
(see Definition 3.6), and (3) Condition (2) becomes false if Q is replaced by the union of
any proper subset of its components.
The two alternatives given in Condition (2) of the above statement are not mutually exclu-
sive: a component L of N− H may be both an S-suborbifold and an A-suborbifold.
Proof of Proposition 4.1. We may assume without loss of generality that N is connected,
and therefore strongly atoral and boundary-irreducible.
Set M = silvN. It follows from Proposition 2.49, applied with ∂N playing the role of X, that
M is irreducible; indeed, Conditions (a) and (b) of Proposition 2.49 follow respectively from
the strong atorality (cf. 2.29) and the boundary-irreducibility of N. It then follows from the
PL version of [11, p. 444, Splitting Theorem 1] (see 2.27) that there exists, up to (orbifold)
isotopy, a unique 2-dimensional suborbifold R of M such that (1 ′) each component of R
is toric and is incompressible in M, (2 ′) each component of M†R either is weakly atoral or
admits an S1-fibration (or both), and (3 ′) Condition (2 ′) becomes false if R is replaced by
the union of any proper subset of its components.
We claim:
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4.1.1. Let Q be any two-sided properly embedded suborbifold of N. Then Conditions (1), (2)
and (3) of the statement of the present proposition hold for Q if and only if Conditions (1 ′),
(2 ′) and (3 ′) hold when we set R = silvQ.
To prove 4.1.1, fix a strong regular neighborhood H of Q. Since N− H is homeomorphic to
N†Q, it follows from Lemma 2.41 that N− H is componentwise strongly atoral.
Set R = silvQ as in the statement of 4.1.1. Note that since N is strongly atoral, no
component ofQ is an incompressible toric suborbifold (see 2.29). Hence a necessary condition
for all components ofR to be incompressible and toric is that all components of Q be annular.
It then follows from the first assertion of Proposition 2.50, applied with N and ∂N playing
the roles of L and X, that Condition (1 ′) for R is equivalent to Condition (1) for Q. (The
condition in Proposition 2.50 that R not be parallel to a boundary component of M holds
vacuously since M is closed.)
The second step in the proof of 4.1.1 is to show that if Condition (1) holds for Q, then
R satisfies Condition (2 ′) if and only if Q satisfies Condition (2). For this purpose, first
observe that if L is any component of N− H, then silvL∩∂N L is (orbifold-)homeomorphic
to some component of M†R, and conversely that every component of M
†
R is homeomorphic
to silvL∩∂N L for some component L of N− H. Thus Condition (2 ′) is equivalent to the
assertion that for each component L of N− H, the orbifold silvL∩∂N L either is weakly atoral
or admits an S1-fibration. But since N− H is componentwise strongly atoral, L is strongly
atoral, and we may therefore apply the second assertion of Proposition 2.50, with L ∩ ∂N
playing the role of X, to deduce that silvL∩∂N L is weakly atoral if and only if the pair
(L,L ∩ ∂N) is acylindrical. Likewise, Proposition 3.12 implies that silvL∩∂N L admits an
S1-fibration if and only if (L,L ∩ ∂N) is an S-pair. But Condition (1) for Q implies that
the components of FrN L are essential annular suborbifolds of N, and hence that (L,L∩∂N)
is an acylindrical pair or an S-pair if and only if L is an A-suborbifold or S-suborbifold of
N, respectively. This shows that Condition (2 ′) for R is equivalent to Condition (2) for Q,
provided that Condition (1) holds for Q.
The third and final step in the proof of 4.1.1 is to show that if Condition (1) holds for Q,
then R satisfies Condition (3 ′) if and only if Q satisfies Condition (3). For this purpose,
first observe that if Q′ is the union of a proper subset of the components of Q, then R′ :=
silvQ′ ⊂ M is the union of a proper subset of the components of R; and conversely, that
if R′ denotes the union of a proper subset of the components of R, then we may write
R′ = silvQ′, where Q′ is the union of some proper subset of the components of Q. But
if Condition (1) holds for Q, and if Q′ is the union of a proper subset of the components
of Q, then the second step of the proof of 4.1.1, applied with Q′ in place of Q, shows that
R′ := silvQ′ satisfies Condition (2 ′) if and only if Q′ satisfies Condition (2). This shows that
R fails to satisfy Condition (3 ′) if and only if Q fails to satisfy Condition (3), and completes
the proof of 4.1.1.
Now by the existence assertion of the PL version of [11, p. 444, Splitting Theorem 1], we
may fix a 2-suborbifold R0 of M such that Conditions (1
′)—(3 ′) hold with R0 in place of
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R. Since R0 is in particular a closed suborbifold of M = silvN, there is a unique properly
embedded 2-suborbifold Q0 of N such that silvQ0 = R0. By 4.1.1, Conditions (1)—(3)
hold with Q0 in place of Q. Now let Q be any properly embedded 2-suborbifold of N such
that (1)—(3) hold, and set R = silvQ. Then by 4.1.1, Conditions (1 ′)—(3 ′) hold for R.
According to the uniqueness assertion of the PL version of [11, p. 444, Splitting Theorem 1],
R = silvQ is (orbifold-)isotopic to R0 = silvQ0, which implies (upon composing an ambient
orbifold isotopy between silvQ and R0 with the natural immersion silvN → N) that Q is
(orbifold-)isotopic to Q0. 
Definition and Notation 4.2. If N is any componentwise strongly atoral, componentwise
boundary-irreducible, orientable 3-orbifold, we will denote by Q(N) the suborbifold Q of
N (defined up to isotopy) given by Proposition 4.1, and we will denote by H(N) a strong
regular neighborhood of Q(N) in N. We will denote by S1(N) the union of all components of
N− H(N) that are S-suborbifolds (see 3.6) ofN, and byS2(N) the union of all components of
H(N) that do not meet any component of S1(N). We will define the (relative) characteristic
suborbifold of N, denoted S(N), to be S1(N) ∪ S2(N). Thus H(N), S1(N), S2(N) and
S(N), as well as Q(N), are well-defined up to (orbifold) isotopy. Note that each component
of S(N) is an S-suborbifold of N.
4.3. If N is a componentwise strongly atoral, componentwise boundary-irreducible, ori-
entable 3-orbifold, we will set F(N) = S(N)∩ ∂N and A (N) = Fr|N| |S(N)|, so that |F(N)|
and A (N) are submanifolds of ∂|S(N)| whose union is |∂S(N)|, and |F(N)| ∩ A (N) =
∂|F(N)| = ∂A (N). It follows from Proposition 4.1 and the definition of S(N) that every
component of ω(A (N)) is an orientable annular 2-orbifold, essential in N. The essentiality
of the components of ω(A (N)) implies that ∂F(N) = ∂ω(A (N)) is pi1-injective in N, and
in particular in ∂N.
By 2.30, the componentwise strong atorality and componentwise boundary-irreducibility of
N imply that each component of ∂N has strictly negative Euler characteristic. In view of the
pi1-injectivity of ∂F(N) in ∂N, it then follows that each component of F(N) or ∂N− F(N)
has non-positive Euler characteristic.
Suppose that L is a component of S(N) or of N−S(N). Since L is a compact 3-orbifold, we
have χ(L) = χ(∂L)/2. On the other hand, since each component of FrL is a component of
ω(A (N)) and is therefore annular, we have χ(FrL) = 0. It follows that χ(L∩∂N) = χ(∂L),
and hence that χ(L) = χ(L ∩ ∂N)/2. But χ(L ∩ ∂N) ≤ 0 since L ∩ ∂N is a union of
components of F(N) or of ∂N− F(N). Hence χ(L) ≤ 0, or equivalently χ(∂L) ≤ 0.
We will denote by book(N) the union of S(N) with all components C of H(N) such that
C ∩S(N) = FrN C. (The notation is meant to suggest that book(N) is an orbifold version
of a “book of I-bundles.” See [20], [14], [21].) We will set kish(N) = N− book(N). Thus
book(N) and kish(N) are suborbifolds of N.
Lemma 4.4. Let N be a 3-orbifold which is orientable, componentwise strongly atoral, and
componentwise boundary-irreducible. Let B be a compact suborbifold of N. Then the follow-
ing conditions are equivalent:
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• B is (orbifold-)isotopic to book(N) in N.
• There exist a properly embedded 2-suborbifold P of N, and a strong regular neighbor-
hood G of P in N, such that (a) each component of P is two-sided and annular and
is essential in N, (b) each component L of N−G is either an A-suborbifold or an
S-suborbifold of N, and (c) B is the union of G with all components of N−G that
are S-suborbifolds.
Proof. Let P denote the set of all properly embedded 2-suborbifolds P of N such that every
component of P is two-sided and annular and is essential in N. Let P0 denote the set
of all elements P of P such that each component of N−G, where G is a strong regular
neighborhood of P in N, is either an A-suborbifold or an S-suborbifold. For each P ∈ P ,
if G is a strong regular neighborhood of P in N, let BP denote the union of G with all
components of N−G that are S-suborbifolds of N; thus BP is determined up to isotopy by
P. We claim:
4.4.1. If P0 and P are elements of P0 and P respectively, such that P0 ⊂ P, then P ∈ P0,
and BP is isotopic to BP0.
To prove 4.4.1, it is enough to consider the case in which P−P0 has exactly one component,
as the general case then follows by induction on the number of components of P−P0. In this
case, let A denote the orientable annular orbifold P−P0. A strong regular neighborhood of
P in N may be written as G = G0 GA, where G0 and GA are strong regular neighborhoods
of P0 and A respectively. Let L denote the component of N−G0 containing GA. Since
P0 ∈ P0, the suborbifold L of N is either an A-suborbifold or an S-suborbifold.
Consider first the subcase in which A is essential in the pair (L,L∩ ∂N). In this subcase, it
follows from the definition of an A-suborbifold that L is not an A-suborbifold of N, and is
therefore an S-suborbifold of N. Hence it follows from Lemma 2.41 that L is strongly atoral.
Thus Corollary 3.11 implies that L admits an orbifold fibration, compatible with L ∩ ∂N,
in which A is saturated. Hence every component of L−GA is an S-suborbifold of N. Since
the components of N−G are precisely the components of N−G0 distinct from L and the
components of L−GA, it follows that in this subcase we have P ∈ P0 and BP = BP0 .
Now consider the subcase in which A is non-essential in the pair (L,L∩∂N). Since A ∈ C(P)
and P ∈ P , the orientable annular orbifold A is essential in N; in particular, A is pi1-injective
in L, and is not parallel in the pair (L,L ∩ ∂N) to a suborbifold of L ∩ ∂N. Since A is not
essential in (L,L∩ ∂N), it must be parallel in the pair (L,L∩ ∂N) to a component of FrN L.
Hence L−GA has some component J such that J+ := J∪GA is a strong regular neighborhood
of A in N. Thus J+ is a binding-like S-suborbifold of N. Furthermore, L′ := L− J+, is
isotopic to L, and is therefore either an A-suborbifold or an S-suborbifold of L. Since the
components of N−G are precisely J, L′, and the components of N−G0 distinct from L, we
have P ∈ P0. If L is an S-suborbifold of N, we have BP = BP0 . If L is not an S-suborbifold
of N, we have BP = BP0 ∪ J+; furthermore, BP0 ∩ J+ is then a component of FrN L, and is
the component of the horizontal boundary of a trivial I-fibration of J+ for which the vertical
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boundary is J+ ∩ ∂N. Hence BP is isotopic to BP0 in this situation. This completes the
proof of 4.4.1.
Now set Q = Q(N), H = H(N), Si = Si(N) for i = 1, 2, and S = S(N) (see 4.2). Note
that according to 4.2 and Proposition 4.1 we have Q ∈ P0. We claim:
4.4.2. BQ is isotopic to book(N).
To prove 4.4.2, first note that we may write H = S2 H1 H2, where for m = 1, 2 we denote
by Hm the union of all components of H that meet S1 in exactly m frontier components.
The definition of book(N) gives that book(N) = S∪H2 = S1∪S2∪H2. On the other hand,
the definitions imply that H1 is disjoint from S2 and H2, and that each component of H1
is the strong regular neighborhood of a two-sided, properly embedded suborbifold of N and
meets S1 in exactly one frontier component. Hence BQ = H ∪S1 = S1 ∪S2 ∪ H1 ∪ H2 is
isotopic to book(N), as asserted by 4.4.2.
The assertion of the present lemma may be paraphrased as saying that a compact suborbifold
B of N is isotopic to book(N) if and only if it is isotopic to BP for some P ∈ P0. If B is
isotopic to book(N), then by 4.4.2, B is isotopic to BQ, and we have Q ∈ P0. Conversely,
suppose that is isotopic to BP for some P ∈ P0. Among all elements of P0 that are unions
of components of P, choose one, P0, which has the smallest number of components, and is
therefore minimal with respect to inclusion. It then follows from 4.2 and Proposition 4.1
that P0 is isotopic to Q. Hence by 4.4.2, BP0 is isotopic to book(N). But it follows from
4.4.1 that BP is isotopic to BP0 , and hence to book(N). 
Proposition 4.5. Let N be a 3-orbifold which is orientable, componentwise strongly atoral,
and componentwise boundary-irreducible. Then every component of kishN is either closed
or has strictly negative Euler characteristic.
Proof. Let K is a component of kishN with ∂K 6= ∅. By Lemma 2.41, K is componentwise
strongly atoralI˙n particular, no component of ∂K is spherical. Hence if χ(K) ≥ 0 then
every component of ∂K is toric, and by Proposition 2.46, K is a solid toric orbifold. By
Lemmaref 3.9, K is a binding-like S-suborbifoldof N. But by Lemma 4.4, no component of
kishN = N− bookN is an S-suborbifold of N. 
Proposition 4.6. If p : N˜ → N is a covering map of orientable 3-orbifolds that are com-
ponentwise strongly atoral and componentwise boundary-irreducible, then p−1(book(N)) is
orbifold-isotopic to book(N˜).
Proof. We may assume without loss of generality that N and N˜ are connected (and are
therefore atoral and boundary-irreducible). Set B = book(N). Then it follows from Lemma
4.4 that there exist a properly embedded 2-suborbifold P of N, and a strong regular neigh-
borhood G of P in N, such that Conditions (a), (b) and (c) of that lemma hold. Since, by
Condition (a), each component of P is two-sided and annular and is essential in N, it follows
from Corollary 3.8 that each component of the properly embedded 2-orbifold P˜ := p−1(P)
is two-sided and annular and is essential in N˜.
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Let L be any component ofN−G, and set L˜ := p−1(L). Then FrN˜ L˜ is a union of components
of P˜, which are essential orientable annular orbifolds in N˜. Since N˜ is componentwise
strongly atoral, it follows from Lemma 2.41 that L˜ is strongly atoral. On the other hand,
by Condition (b), either L is an S-suborbifold of N, which immediately implies that L˜
is a S-suborbifold of N˜; or L is an A-suborbifold but not an S-suborbifold of N. In the
latter case, the pair (L,L∩ ∂N) is acylindrical and is not an S-pair, and each component of
(∂L) \ ∂N = FrN L is annular. In this case, in view of the strong atorality of L˜, it follows
from Proposition 3.13 that (L˜, L˜∩ ∂N˜) is acylindrical and is not an S-pair. Thus L˜ is either
an S-suborbifold or an A-suborbifold of N˜ for every component L of N−G; and L˜ is an
S-suborbifold if and only if L is an S-suborbifold. Hence if we denote by G˜ the strong regular
neighborhood p−1(G) of P˜, then each component of N˜− G˜ is either an A-suborbifold or an
S-suborbifold of N˜. Furthermore, since Condition (c) of Lemma 4.4 asserts that B is the
union of G with all components of N−G that are S-suborbifolds of N, it now follows that
B˜ := p−1(B) is the union of G˜ with all components of N˜− G˜ that are S-suborbifolds of N˜.
Thus Conditions (a), (b) and (c) of Lemma 4.4 hold with N˜, P˜, G˜ and B˜ in place of N, P,
G and B. It therefore follows from Lemma 4.4 that B˜ is isotopic to book(N˜). 
4.7. We observe that the treatment of the characteristic suborbifold in this section covers
only the case in which the given orbifold is strongly atoral. In the proofs of Lemma 6.4 and
Proposition 8.5, where we consider the characteristic submanifolds of 3-manifolds which,
regarded as orbifolds, are not strongly atoral, we will refer directly to the “classical” sources
[31] and[30].
5. DARTS volume for orbifolds
Definition 5.1. The Gromov volume of a closed, orientable topological 3-manifold M is
defined to be Vtet‖M‖, where Vtet denotes the volume of a regular ideal tetrahedron in H3,
and ‖M‖ denotes the Gromov norm [26], [6, Chapter C]. We will denote the Gromov volume
of M by volG(M).
The relevance of volG(M) to the present paper arises from Gromov’s result (see [6, Theorem
C.4.2]) that for any closed hyperbolic 3-manifold M we have volG M = volM .
Remarks and Definition 5.2. According to [26, Section 0.2], if M˜ is a d-sheeted cover of
a compact, orientable topological 3-manifold M , where d is a positive integer, we have
(5.2.1) volG(M˜) = d volG(M).
Now suppose that M is a closed, connected, very good topological orbifold. By definition,
M admits a finite-sheeted covering which is a manifold.
Suppose that M˜1 and M˜2 are finite-sheeted manifold coverings of M. Then M˜1 and M˜2
admit a common covering M˜3. If di denote the degree of the covering M˜i of M, then
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for i = 1, 2 we have di|d3, and M˜3 is a d3/di-fold covering of M˜i. By (5.2.1) we have
(d3/d1) volG(M˜1) = volG(M˜3) = (d3/d2) volG(M˜2), so that
(5.2.2) volG(M˜1)/d1 = volG(M˜2)/d2.
If M is a closed, connected, very good topological orbifold, then by (5.2.2) there is a well-
defined invariant volG(M) given by setting volG(M) = volG(M˜)/d, where M˜ is any finite-
sheeted cover of M which is a manifold, and d denotes the degree of the covering M˜.
More generally, if M is a possibly disconnected, very good, closed, orientable 3-orbifold, let
us define
volG(M) =
∑
C∈C(M)
volG(C).
Notation 5.3. This subsection will contain definitions of a number of invariants which, like
the invariant volG discussed above, will turn out to be closely related to hyperbolic volume.
It is convenient to collect the definitions of all these invariants here; their connection with
hyperbolic volume will be established in the course of the section. Many of these invariants
will be used in this paper, but there are a few whose importance will become apparent only
in [40].
For any very good, compact, orientable (but possibly disconnected) topological 3-orbifold
N, we will set
volASTA(N) =
1
2
volG(DN),
where DN is defined as in 2.24 (and is very good since N is very good and orientable). The
acronym ASTA stands for Agol, Storm, Thurston and Atkinson; see [4] and [5]. Note that
if N is a disjoint union of suborbifolds N1 and N2, we have 2 volASTA(N) = volG(DN) =
volG(N1)+volG(N2) = 2 volASTA(N1)+2 volASTA(N2), and hence volASTA(N) = volASTA(N1)+
volASTA(N2).
Note that, according to the convention posited in 2.27, the PL category will be the default
category of orbifolds for the rest of this section.
For any very good, compact, orientable (but possibly disconnected) 3-orbifold N, we will set
ζ0(N) = sup
P
volASTA(N
†
P),
where P ranges over all (possibly empty) 2-dimensional suborbifolds of intN whose compo-
nents are all incompressible suborbifolds of N. A priori, ζ0(N) is an element of the extended
real number system.
Note that the definition of ζ0(N) implies that ζ0(N) ≥ volASTA(N†∅), i.e.
(5.3.1) ζ0(N) ≥ volASTA(N).
We will also set
ζ(N) =
ζ0(N)
0.305
.
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If N1, . . . ,Nm are the components of N, then every 2-dimensional suborbifold of intN,
whose components are all incompressible, has the form P = P1 ∪ · · · ∪ Pm, where Pi is a
2-dimensional suborbifold of intN whose components are all incompressible; furthermore, we
have volASTA(N
†
P) = volASTA((N1)
†
P1
) + · · ·+ volASTA((Nm)†Pm). It follows that ζ0 is additive
over components, and hence so is ζ.
If N is a compact, orientable 3-orbifold such that every boundary component of N := |N| is
a sphere, so that N+ is closed, we will set
θ(N) =
volG(N
+)
0.305
.
As a hint about why the curious-looking number 0.305 appears in these definitions, we
mention that the inequality Voct/12 > 0.305, where, as in 5.7, Voct denotes the volume of
a regular ideal octahedron in H3, is used in the proof of Corollary 5.9 below (and is close
to being an equality since Voct = 3.6638 . . .), while Theorem 1.1 of [2], which implies that
any closed, orientable hyperbolic 3-manifold M of volume at most 1.22 = 4 · 0.305 satisfies
h(M) ≤ 3, is used in the proof of Proposition 9.2. (See 2.4 above for the definition of h(M).)
If a compact, orientable 3-orbifoldN is componentwise strongly atoral and boundary-irreducible,
we will set
σ(N) = 12χ(kish(N))
where kish(N) is defined by 4.3. (The appearance of the number 12 in this definition is for
convenience; it guarantees that certain lower bounds for σ(N) that appear in the course of
the arguments in this paper and in [40] are integers rather than fractions.) We will also set
δ(N) = sup
P
σ(N†P),
where P ranges over all (possibly empty) closed, 2-dimensional suborbifolds of intN whose
components are all incompressible suborbifolds of N. In view of Lemma 2.41, the incom-
pressibility of the components of P guarantees that N†P is itself componentwise strongly
atoral and boundary-irreducible, so that σ(N†P) is defined. Like ζ0(N), the invariant δ(N) is
a priori an element of the extended real number system.
Note that the definition of δ(N) implies that δ(N) ≥ σ(N†∅), i.e.
(5.3.2) δ(N) ≥ σ(N).
Now suppose that M is a closed, orientable, hyperbolic 3-orbifold, let S be a (possibly
disconnected) 2-dimensional submanifold of M := |M|, in general position with respect to
ΣM, and let X be a union of components of M −S . We will set tM(X) = ζ(ω(X̂)). (See
2.6 for the definition of X̂.) If the components of ω(S ) are incompressible, then since M
is strongly atoral (see 2.29), it follows from Lemma 2.41 that the components of ω(X̂) are
strongly atoral and boundary-irreducible. In this case we will set sM(X) = σ(ω(X̂)) and
yM(X) = δ(ω(X̂)). If every component of ∂X̂ is a sphere, we will set qM(X) = θ(ω(X̂)).
The following lemma, which has a simple proof and fits naturally into the present discussion,
is not quoted in the present paper but will be used in [40].
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Lemma 5.4. Let N be any very good, compact, orientable (possibly disconnected) 3-orbifold,
and let T be a 2-dimensional suborbifold of intN whose components are all incompressible
suborbifolds of N. Then ζ0(N) ≥ ζ0(N†T), and hence ζ(N) ≥ ζ(N†T).
Proof. Let P be any (possibly empty) 2-dimensional suborbifold of int(N†T) whose compo-
nents are all incompressible suborbifolds of N†T. Then T∪P is identified with a 2-dimensional
suborbifold of intN whose components are all incompressible suborbifolds of N. Hence the
definition of ζ0(N) implies that volASTA(N
†
T∪P) ≤ ζ0(N). Since N†T∪P is homeomorphic to
(N†T)
†
P, it follows that volASTA((N
†
T)
†
P) ≤ ζ0(N). Since the latter inequality holds for every 2-
dimensional suborbifold P of int(N†T) whose components are all incompressible suborbifolds
of N†T, the definition of ζ0(N
†
T) gives ζ0(N
†
T) ≤ ζ0(N). The inequality ζ(N†T) ≤ ζ(N) then
follows at once in view of the definition of the invariant ζ. 
Theorem 5.5. Let M be a closed, orientable, hyperbolic 3-orbifold, and let T be a two-sided
2-dimensional suborbifold of MPL whose components are incompressible. Then
vol(M) ≥ volASTA((MPL)†T).
Proof. We first give the proof under the following additional assumptions:
(1) M is a closed, orientable, hyperbolic 3-manifold (so that T is a 2-manifold whose
components are incompressible in MPL);
(2) no component of T is the boundary of a twisted I-bundle (over a closed, non-
orientable surface) contained in the manifold MPL; and
(3) no two components of T are parallel in MPL.
For this part of the proof, to emphasize that M is assumed to be a manifold, I will denote
it by M . Because volASTA is a purely topological invariant, and because of the equivalence
between the PL and smooth categories for 3-manifolds, it suffices to prove that if T ⊂M is a
smooth submanifold such that Conditions (1)—(3) hold with M and T in place of MPL and
T, then vol(M) ≥ volASTA(M †T ). The proof of this will use the observations that Propositions
2.12 and 2.13 above, and [45, Corollary 5.5], which are theorems in the PL category of 3-
manifolds, remaion true without change in the smooth category; this also follows from the
equivalence of categories mentioned above. For each component V of T , it follows from [39,
Theorem 3.1] that the inclusion map iV : V → M is homotopic to a immersion jV which
has least area in its homotopy class. By [25, Theorem 5.1], for each component V of T ,
either jV is an embedding, or there is a a one-sided, closed, connected surface FV ⊂ M
such that jV is a two-sheeted covering map from V onto FV . If the latter alternative holds,
then jV , and hence iV , is homotopic to a homeomorphism j
′
V of V onto the boundary of a
tubular neighborhood NV of FV , which is a twisted I-bundle. Since iV and j
′
V are homotopic
embeddings of V into M , it follows from the smooth version of [45, Corollary 5.5] that they
are isotopic; this implies that V is the boundary of a twisted I-bundle in M , a contradiction
to Assumption (2). Hence for every component V of T , the immersion jV is an embedding.
Now define an immersion j : T → M by setting j|V = jV for each component V of T . We
claim:
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5.5.1. The immersion j is an embedding.
We have already shown that jV is an embedding for each component V of T . Hence, to
prove 5.5.1, it suffices to prove that for any distinct components V and W of T we have
jV (V ) ∩ jW (W ) = ∅.
Since the inclusions iV and iW are pi1-injective and have disjoint images, it follows from the
smooth version of Proposition 2.13 that for any embeddings f : V → M and g : W → M
homotopic to iV and iW respectively, such that f(V ) and g(W ) meet transversally, either
(a) f(V ) ∩ g(W ) = ∅, or (b) there exist connected subsurfaces A ⊂ f(V ) and B ⊂ g(W ),
and a compact submanifold X of M , such that ∂A 6= ∅, ∂X = A ∪ B, and the pair (X,A)
is homeomorphic to (A× [0, 1], A× {0}). Since jV and jW are respectively homotopic to iV
and iW , and have least area within their homotopy classes, this shows that the hypothesis
of Proposition 2.15 holds with f0 = jV and g = jW . Thus Proposition 2.15 asserts that
jV (V ) ∩ jW (W ) = ∅, and 5.5.1 is proved.
Now since jV is homotopic to iV for each component V of T , the map j is homotopic to i.
Since i is an embedding, and j is an embedding by 5.5.1, and since Assumption (3) holds, it
follows from the smooth version of Proposition 2.12 that i and j are isotopic. In particular,
the (possibly disconnected) manifold M †T is homeomorphic to X := M
†
j(T ).
Since each of the embeddings jV is a least area immersion, the surface j(T ) ⊂ M is a
minimal surface. The manifold X inherits a metric from the hyperbolic manifold M , and
with this metric, X is bounded by a minimal surface. According to Theorem 7.2 of [4], we
have vol(X) ≥ volASTA(X). Since it is clear that vol(M) = vol(X), and since we have seen
that M †T is homeomorphic to X, we have vol(M) ≥ volASTA(M †T ), as required. theorem.
Thus the proof is complete under Assumptions (1)–(3).
Next, we prove the theorem under the assumptions that (1) and (2) hold, but (3) may not.
(This argument, and the rest of the proof, will be done in the PL category.) Since (1) is still
assumed to hold, we continue to write M in place of M, and we write T in place of T (so
that T now denotes a PL 2-submanifold of M). Under Assumptions (1) and (2), the proof
will proceed by induction on c(T ). The assertion is trivial if T = ∅. Now suppose that n ≥ 0
is given and that the assertion is true in the case where c(T ) = n. Suppose that M and T
satisfy the hypotheses of the theorem and Assumptions (1) and (2), and that c(T ) = n+ 1.
If (3) also holds, the conclusion has already been established.
Now suppose that (3) does not hold, i.e. that T has two parallel components. Then there
exists a submanifold of M which is homeomorphic to the product of a closed, connected
surface with [0, 1], and whose boundary components are components of T . Among all such
submanifolds of T choose one, say Y , which is minimal with respect to inclusion. If intY
contains a component W of T , then since W is incompressible in M and hence in Y , it
follows from [45, Proposition 3.1] that W is parallel in Y to each of the components of ∂Y ;
this contradicts the minimality of Y . Hence intY contains no component of T , and therefore
Y is the closure of a component of M − T .
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Fix a component V of ∂Y . Set T ′ = T − V . Then the abstract disjoint union Y M †T ′ is
homeomorphic to M †T . By 5.3 it follows that volASTA(M
†
T ) = volASTA(Y ) + volASTA(M
†
T ′).
Since Y is homeomorphic to V × [0, 1], the manifold DY is homeomorphic to V ×S1. It then
follows from [6, Proposition C.3.4]) that volG(DY ) = 0, so that volASTA(Y ) = volG(DY )/2 =
0. Thus we have volASTA(M
†
T ′) = volASTA(M
†
T ). Since c(T ) = n, the induction hypothesis
gives volM ≥ volASTA(M †T ′) = volASTA(M †T ), and the induction is complete. This establishes
the result under Assumptions (1) and (2).
We now turn to the proof of the theorem in the general case. Since M is hyperbolic, it is very
good. Fix a finite-sheeted orbifold covering p : N →M where N is a connected 3-manifold.
Set Q = p−1(T). We claim:
5.5.2. There is a two-sheeted covering q : N ′ → N such that N ′− q−1(Q) has no component
whose closure is a twisted I-bundle.
To prove 5.5.2, let X denote the set of all twisted I-bundles that are closures of components
of N − Q. First consider the case in which the elements of X are pairwise disjoint. In
this case, let Y denote the union of all elements of X , and set Z = N − Y . Note that Z
is connected, since N is connected and each element of X has connected boundary. Since
each component of Y is a twisted I-bundle, there exist a compact (possibly disconnected)
2-manifold B, and a 2-sheeted covering map qY : B× [0, 1]→ Y , such that qY maps B×{i}
homeomorphically onto ∂Y for i = 0, 1. Since ∂Y = ∂Z, we may regard qY |(B × {i})
as a homeomorphism ri : B × {i} → ∂Z. Let Z0 and Z1 be homeomorphic copies of Z,
equipped with homeomorphisms hi : Z → Zi. Then we may define a homeomorphism α from
∂(B×[0, 1]) = B×{0, 1} to ∂(Z1 Z2) by setting α|(B×{i}) = hi◦ri for i = 0, 1. In this case
we define N ′ to be the closed 3-manifold obtained from the disjoint union (B×[0, 1]) Z1 Z2
by gluing ∂(B× [0, 1]) to ∂(Z1 Z2) via the homeomorphism α. Now we have a well-defined
two-sheeted covering map q : N ′ → N given by setting q|(B× [0, 1]) = qY and q|Zi = h−1i for
i = 0, 1. To prove the property of this covering stated in 5.5.2, note that the closure of each
component of N ′− q−1(Q) either is equal to Z or is a component of B× [0, 1]. A component
of the latter type have disconnected boundary and is therefore not a twisted I-bundle. That
Z is not a twisted I-bundle follows from the definitions of X and Z.
To complete the proof of 5.5.2, it remains to consider the case in which there are two elements
of X have non-empty intersection. If two such elements are denoted X1 and X2, where X1
and X2 are components of N −Q, then since each of the twisted I-bundles Xi and X2 has
connected boundary, and since N is connected, we have N = X1 ∪X2, and X = {X1, X2}.
We have X1 ∩X2 = ∂X1 = ∂X2 = Q. For j = 1, 2, fix a compact, connected 2-manifold Bj,
and a 2-sheeted covering map qj : Bj×[0, 1]→ Xj, such that qj restricts to a homeomorphism
uij of Bj × {i} onto Q = ∂Xj for j = 1, 2 and for i = 0, 1. In this case we define N ′ to be
the closed 3-manifold obtained from the disjoint union (B1 × [0, 1])  (B2 × [0, 1]) by gluing
B1×{i} to B2×{i} via the homeomorphism u−1i2 ◦ui1, for i = 0 and for i = 1. Now we have
a well-defined two-sheeted covering map q : N ′ → N given by setting q|(Bj × [0, 1]) = qj for
j = 1, 2. To prove the property of this covering stated in 5.5.2, note that the closures of the
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components of N ′− q−1(Q) are B1× [0, 1] and B2× [0, 1]; these have disconnected boundary,
and hence neither of them is a twisted I-bundle. Thus 5.5.2 is proved.
Let q : N ′ → N be a two-sheeted cover with the properties stated in 5.5.2, and set Q′ =
q−1(Q). We claim
5.5.3. No component of Q′ is the boundary of a twisted I-bundle in N ′.
To prove 5.5.3, suppose that some component of Q′ bounds a twisted I-bundle R ⊂ N ′.
We may assume that R is minimal with respect to inclusion among all among all twisted
I-bundles that are bounded by components of Q′. According to the property of N ′ stated
in 5.5.2, R cannot be the closure of a component of N ′ − Q′. Hence intR contains some
component Q′ of Q′. Since H2(R,Z) = 0, there is a compact submanifold R1 of intR with
∂R1 = Q
′. Now fix a two-sheeted covering t : R˜→ R, where R˜ is a trivial I-bundle over a sur-
face. Since the components of Q are incompressible, the components of t−1(Q′) = (pt)−1(Q)
are also incompressible. It therefore follows from [45, Prop. 3.1], that each component of
∂(t−1(R1)) = t−1(Q′) ⊂ t−1(Q′) is parallel to the boundary components of R. A second
application of [45, Prop. 3.1] then shows that the two-sheeted covering t−1(R1) of R1 is a
trivial I-bundle over a surface. Hence by [45, Prop. 3.1], R1 is a twisted I-bundle over a
surface. But this contradicts the minimality of R, and so 5.5.3 is proved.
Now since N is a manifold, N ′ is also a manifold, and hence Condition (1) above holds with
N ′ and Q′ in place of M and T. According to 5.5.3, Condition (2) also holds with N ′ and Q′
in place of M and T. It therefore follows from the case of the theorem already proved that
(5.5.4) vol(N ′) ≥ volASTA((N ′)†Q′).
Now if d denotes the degree of the covering q◦p : N ′ →M, we have vol(N ′) = d ·vol(M). On
the other hand, since Q′ = (q ◦ p)−1(T), the manifold (N ′)†Q′ is a d-fold covering of M†T, and
D((N ′)†Q′) is therefore a d-fold covering of D(M
†
T). Thus the definitions of volASTA((N
′)†Q′),
volG(D(M
†
T)), and volASTA(M
†
T) give
volASTA((N
′)†Q′) =
1
2
volG(D((N
′)†Q′)) =
d
2
volG(D(M
†
T)) = d · volASTA(M†T).
Hence the conclusion of the present theorem follows from (5.5.4) upon dividing both sides
by d. 
Corollary 5.6. If M is a closed, orientable, hyperbolic 3-orbifold, we have volM = ζ0(MPL).
Proof. Since by definition we have ζ0(MPL) = supT volASTA((MPL)
†
T), where T ranges over
all 2-suborbifolds of M whose components are all incompressible, the inequality volM ≥
ζ0(MPL) follows from Theorem 5.5. To prove the inequality volM ≤ ζ0(MPL), note that since
M is hyperbolic, it admits a d-sheeted manifold cover M˜ for some integer d > 0. According to
[6, Theorem C.4.2] we have volG M˜ = vol M˜. In view of Definition 5.2, we then have volM =
(vol M˜)/d = (volG M˜)/d = volGM. Since M is closed, DM is a disjoint union of two copies
of M, so that the definition of the invariant volASTA gives volASTA(MPL) = volG(M) = volM.
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But (5.3.1), applied with MPL playing the role of N, gives volASTA(MPL) ≤ ζ0(MPL), and
the conclusion follows. 
5.7. The volume of a regular ideal octahedron in H3 will be denoted Voct. We have Voct =
3.6638 . . ..
Theorem 5.8. If N is an orientable 3-orbifold which is componentwise strongly atoral and
componentwise boundary-irreducible, we have
volASTA(N) ≥ Voctχ(kish(N)).
Proof. Since both sides are additive over components, we may assume that N is connected,
and therefore strongly atoral and boundary-irreducible.
First consider the case in which N = M is a strongly atoral, boundary-irreducible, orientable
3-manifold. In this case, because of the equivalence between the PL and smooth categories
for 3-manifolds, M has a smooth structure compatible with its PL structure, and up to
topological isotopy, the smooth 2-submanifolds of M are the same as its PL 2-submanifolds.
This will make it unnecessary to distinguish between smooth and PL annuli in the following
discussion.
Since the components of ω(A (N)) are orientable annular orbifolds by 4.3, and since ω(A (N)) =
A (M) is a 2-manifold in this case, the components of FrM(B) ⊂ A (M) are annuli. Let
E1, . . . , En denote the components of kishM = M − bookM . Then Ai := FrM Ei is a union
of components of A (M) for i = 1, . . . , n. According to the manifold case of Lemma 4.4, the
pair (Ei, Ei ∩ ∂M) is acylindrical for i = 1, . . . , n. By the manifold case of Proposition 4.5,
we have χ(Ei) < 0 for i = 1, . . . , n. It is a standard consequence of Thurston’s geometriza-
tion theorem that if (E,F ) is an acylindrical manifold pair with E compact snd χ(E) < 0,
and if every component of (∂E)− F is an annulus, then (intE) ∪ (intF ) ⊂ E has a finite-
volume hyperbolic metric with totally geodesic boundary. Thus for i = 1, . . . , n the manifold
E−i := Ei −Ai has such a metric. According to the three-dimensional case of Theorem 4.2
of [37], we have volE−i ≥ Voctχ(Ei). Hence D(E−i ) = intDE′i∩∂MEi ⊂ DE′i∩∂M ⊂ DM is a
hyperbolic manifold of finite volume, and
(5.8.1) volD(E−i ) = 2 vol(E
−
i ) ≥ 2Voctχ(Ei)).
But for each i, since the components of the Ai are essential annuli, and since DM is canon-
ically identified with a two-sheeted covering of silvM , it follows from the manifold case of
Proposition 2.50 that the components of DAi = FrDM D(E
−
i ) are incompressible tori in DM .
Hence [43, Theorem 1], together with the fact (see [44, Section 6.5]) that the volume of a
finite-volume hyperbolic 3-manifold is equal to the relative Gromov volume of its compact
core, implies that volG(DM) ≥ volE ′1 + · · ·+ volE ′n (an inequality which could be shown to
be an equality). With (5.8.1), this gives
volG(DM) ≥ 2Voct(χ(E1) + · · ·+ χ(En)) = 2Voctχ(kish(M)),
so that
volASTA(M) =
1
2
volG(DM) ≥ Voctχ(kish(M)).
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This completes the proof in the case where N is a manifold.
Now suppose that N is an arbitrary strongly atoral, boundary-irreducible, orientable 3-
orbifold. According to Condition (II) of Definition 2.29, N admits a finite-sheeted covering
p : N˜→ N such that N˜ is an irreducible 3-manifold. Since, by Condition (III) of Definition
2.29, pi1(N) has no rank-2 free abelian subgroup, pi1(N˜) also has no rank-2 free abelian
subgroup. Furthermore, since Condition (III) of Definition 2.29 implies that N is not discal,
N˜ is also non-discal; and N˜ is a degree-1 regular irreducible 3-manifold covering of itself.
Hence N˜ is strongly atoral. Since N is boundary-irreducible, its covering N˜ is also boundary-
irreducible. Hence by the case of the theorem for a manifold, which was given above, we
have
(5.8.2) volASTA(N˜) ≥ Voctχ(kish(N˜)).
Let d denote the degree of the covering. Doubling p, we obtain a d-fold covering map
DN˜→ DN. Hence by Definition 5.2, we have volG(DN˜) = d volG(DN). Dividing both sides
of the latter equality by 2, and applying the definition of volASTA, we obtain
(5.8.3) volASTA(N˜) = d · volASTA(N).
On the other hand, it follows from Proposition 4.6 that kish(N˜) is (orbifold-)isotopic to
p−1(kish(N)); thus kish(N˜) is homeomorphic to a d-fold covering of the (possibly discon-
nected) orbifold kish(N), so that
(5.8.4) χ(kish(N˜)) = d · χ(kish(N)).
Combining (5.8.2) with (5.8.3) and (5.8.4), we obtain
d · volASTA(N) = volASTA(N˜) ≥ Voctχ(kish(N˜)) = d · Voctχ(kish(N)),
which gives the conclusion. 
Corollary 5.9. If N is a compact, orientable 3-orbifold which is componentwise strongly
atoral and componentwise boundary-irreducible, we have
ζ(N) ≥ δ(N).
Proof. Let P be any (possibly empty) closed, 2-dimensional suborbifold of intN whose com-
ponents are all incompressible suborbifolds of N. According to Lemma 2.41, the com-
ponents of N†P are strongly atoral and boundary-irreducible, and so Theorem 5.8 gives
volASTA(N
†
P) ≥ Voctχ(kish(N†P)). Hence, using that Voct = 3.6638 . . . > 3.66, and using
the definitions of ζ0(N) and ζ(N), we obtain
σ(N†P)) = 12χ(kish(N
†
P)) ≤
12
Voct
volASTA(N
†
P) ≤
12
Voct
ζ0(N) <
ζ0(N)
0.305
= ζ(N).
Since the inequality σ(N†P)) < ζ(N) holds for every choice ofP, we have δ(N) = supP σ(N
†
P)) ≤
ζ(N). 
The following corollary will be used in [40].
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Corollary 5.10. Let M be a closed, orientable hyperbolic 3-orbifold. Set M = |M|. Let
S be a (possibly disconnected) 2-dimensional submanifold of M := |M|, in general position
with respect to ΣM, such that the components of ω(S ) are incompressible, and let X be a
union of components of M −S . Then
sM(X) ≤ yM(X) ≤ tM(X).
Proof. According to the definitions, this means that σ(ω(X̂)) ≤ δ(ω(X̂)) ≤ ζ(ω(X̂)). The
inequality σ(ω(X̂) ≤ δ(ω(X̂) follows from (5.3.2), and the inequality δ(ω(X̂) ≤ ζ(ω(X̂))
follows from Corollary 5.9. (The conditions that X̂ is componentwise strongly atoral and
componentwise boundary-irreducible, which are needed for the application of Corollary 5.9,
follow from Lemma 2.41, in view of the strong atorality of M and the incompressibility of
the components of ω(S ). 
Proposition 5.11. Let N be a very good, compact, orientable 3-orbifold, and set N = |N|.
• If N (or equivalently N) is closed, then volG(N) ≤ volG(N).
• If every component of ∂N is a sphere (so that N+ is a closed 3-manifold), then
volG(N
+) ≤ volASTA(N).
Proof. It follows from the definitions that the two sides of each of the asserted inequalities are
additive over components. Hence we may assume that N, or equivalently N , is connected.
To prove the first assertion, fix a covering p : M → N such that M is a manifold and
d := deg p < ∞. Then the definition of volGN gives volG(N) = volG(M)/d. On the
other hand, since N is orientable, |p| : M → N is a branched covering of degree d, and
hence by [26, Section 0.2] (or [6, Remark C.3.3]) we have volG M ≥ d · volG N . Thus
volG(N) ≤ volG(M)/d = volG(N), as required.
To prove the second assertion, first consider the case in which N is closed. We have N+ = N
in this case. Furthermore, DN is a disjoint union of two copies of N, and hence volASTA(N) =
volG(N). In view of the first assertion, we now have volG(N
+) = volG(N) ≤ volG(N) =
volASTA(N), as required.
Now suppose that N has n ≥ 1 boundary components. Since the components of ∂N are
spheres, DN is homeomorphic to the connected sum of two copies of N+ and n − 1 copies
of S2 × S1. Since Gromov volume is additive under connected sum (see [43, Theorem 1] or
[26, Section 3.5]), and since volG(S
2 × S1) = 0 by [6, Proposition C.3.4]), it follows that
volG(DN) = 2 volG(N
+). Since |DN| = DN we may write this as
(5.11.1) volG(|DN|) = 2 volG(N+).
Now the closed orbifold DN is very good since N is good, and we may apply the first assertion
with DN in place of N to deduce that volG(|DN|) ≤ volG(DN). Combining this with the
definition of volASTA(N) and (5.11.1) we find
2 volASTA(N) = volG(DN) ≥ volG(|DN|) = 2 volG(N+),
from which the conclusion follows. 
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Corollary 5.12. If N is a very good, compact, orientable 3-orbifold such that every compo-
nent of ∂|N| is a sphere, we have
ζ(N) ≥ θ(N).
Proof. Set N = |N|. By (5.3.1) and Proposition 5.11 we have ζ0(N) ≥ volASTA(N) ≥
volG(N
+). By definition we have ζ(N) = ζ0(N)/0.305, and hence ζ(N) ≥ volG(N+)/0.305 =
θ(N). 
The following corollary will be used in [40].
Corollary 5.13. Let M be a closed, orientable hyperbolic 3-orbifold. Set M = |M|. Let
S be a (possibly disconnected) 2-dimensional submanifold of M := |M|, in general position
with respect to ΣM, such that the components of ω(S ) are incompressible, and let X be a
union of components of M −S . Then
qM(X) ≤ tM(X).
Proof. Using Corollary 5.12 and the definitions, we find that qM(X) = θ(ω(X̂)) ≤ ζ(ω(X̂)) =
tM(X). 
6. Tori in 3-manifolds
This section is exclusively concerned with 3-manifolds. We have found it convenient to adopt
classical terminology here for Seifert fibered spaces [28]. Although these could be regarded as
3-manifolds equipped with S1-fibrations over orbifolds, we regard them here as 3-manifolds
equipped with maps to 2-manifolds, with the local structure described in [28, Chapter 12].
Lemma 6.1. Let M be a compact, orientable, irreducible 3-manifold. Suppose that every
component of ∂M is a torus, that M admits no Seifert fibration, and that every incompress-
ible torus in intM is boundary-parallel in M . Then M is acylindrical.
Proof. We may assume that ∂M 6= ∅, as otherwise the conclusion is vacuously true. Suppose
that A is a pi1-injective, properly embedded annulus in M . We must show that A is boundary-
parallel. Let N denote a regular neighborhood of the union of A with the component or
components of ∂M that meet A. Since each component of ∂M is a torus, N admits a Seifert
fibration.
Let T be any component of FrM N . Since N admits a Seifert fibration, T is a torus. By the
manifold case of Lemma 2.45, it now follows that either (a) T bounds a solid torus in intM ,
or (b) T is contained in the interior of a ball in intM , or (c) T is pi1-injective in M . But since
A ⊂ M is a properly embedded, pi1-injective annulus, T must contain an annulus which is
pi1-injective in M ; in particular, the inclusion homomorphism pi1(T )→ pi1(M) is non-trivial.
Hence (a) cannot hold. If (c) holds then T is boundary-parallel according to the hypothesis
of the present lemma. This shows that every component T of FrM N is the frontier of a
submanifold KT of M which either is a solid torus or is homeomorphic to T
2× [0, 1]. We fix
such a KT for every component T of FrM N .
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For each component T of FrM N , we must have either KT ⊃ N or KT ∩ N = T . Consider
the case in which KT0 ⊃ N for some component T0 of FrM N . The construction of N
implies that N contains at least one boundary component of M , say T1. Then T0 and T1
are distinct components of ∂KT0 . Hence KT0 cannot be a solid torus, and must therefore
be homeomorphic to T 2 × [0, 1]. In particular, T0 and T1 are the only components of ∂KT0 .
Since A ⊂ N ⊂ KT0 has its boundary contained in ∂N , we must have ∂A contained in T1.
It now follows from [45, Proposition 3.1] that A is boundary-parallel in KT0 , and hence in
M ; this is the required conclusion.
There remains the case in which KT ∩ N = T for each component T of FrM N . If we set
T = C(FrM N), we have M = N ∪
⋃
T∈T KT . Fix a Seifert fibration of N , and let T ′ ⊂ T
denote the set of all components T of FrM N such that either (i) KT is homeomorphic to
T 2 × [0, 1] or (ii) KT is a solid torus whose meridian curve is isotopic in T to a fiber of N .
Then the Seifert fibration of N extends to a Seifert fibration of M ′ := N ∪ ⋃T∈T ′ KT . If
T ′ = T then M = M ′, so that M is Seifert fibered, a contradiction to the hypothesis. If
T ′ 6= T then M is obtained from the Seifert fibered space M ′ by attaching one or more solid
tori along boundary components of M ′ in such a way that each attached solid torus has a
meridian curve which is attached along a fiber of M ′. Since ∂M 6= ∅, it follows that M is
either solid torus (which admits a Seifert fibration) or a reducible 3-manifold. In either case
we have a contradiction to the hypothesis. 
Lemma 6.2. Let M be a closed, connected, orientable 3-manifold equipped with a Seifert
fibration. If h(M) ≥ 4, then M contains a saturated incompressible torus.
Proof. Fix a Seifert fibration p : M → G, where G is a compact, connected 2-manifold. let
n ≥ 0 denote the number of singular fibers, and let x1, . . . , xn ∈ G denote the images of the
singular fibers under p. If G is not a sphere or a projective plane, then G contains a simple
closed curve C which does not bound a disk in G, and p−1(C) is a saturated incompressible
torus.
Now suppose that G is a sphere or a projective plane. Fix disjoint disks D1, . . . , Dn ⊂ G such
that xi ∈ Di for each i. For i = 1, . . . , n, set Vi = p−1(Di). Set G′ = G −
⋃n
i=1 intDi, and
M ′ = p−1(G′) = M − (V1 ∪ · · · ∪ Vn). The map p′ := p|M ′ : M ′ → G′ is a fibration with fiber
S1, and hence h(M ′) ≤ h(G) + 1. Since the Vi are solid tori, the inclusion homomorphism
H1(M
′;Z2)→ H1(M ;Z2) is surjective, we have h(M) ≤ h(M ′) ≤ h(G′) + 1.
In the case where G is a sphere we have h(G′) = max(0, n−1), and hence h(M) ≤ max(n, 1).
The hypothesis then implies that n ≥ 4. Hence there is a simple closed curve C ⊂ G −
{x1, . . . , xn} such that each of the disks bounded by C contains at least two of the xi. This
implies that p−1(C) is a saturated incompressible torus.
In the case where G is a projective plane we have h(G′) = max(1, n), and hence h(M) ≤
max(2, n + 1). The hypothesis then implies that n ≥ 3. In this case, define C ⊂ G to be a
simple closed curve bounding a disk E ⊂ G with x1, . . . , xn ∈ intE. Since n ≥ 3 > 2, and
since G− intE is a Mo¨bius band, p−1(C) is a saturated incompressible torus. 
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Lemma 6.3. Let Σ be a compact, orientable (but possibly disconnected) 3-manifold, and let
A ⊂ ∂Σ be a compact 2-manifold. Suppose that Σ admits a Seifert fibration in which A is
saturated. Let F be a closed (possibly disconnected) 2-dimensional submanifold of int Σ whose
components are two-sided and incompressible. Then either Σ admits a Seifert fibration in
which F ∪A is saturated, or some component of F is a fiber in some fibration of a component
of Σ over S1.
Proof. First consider the case in which F and Σ are both connected. In this case, [30, Lemma
II.7.3] asserts that either (a) F ∪ A is saturated in some Seifert fibration of Σ, or (b) Σ has
a finite-sheeted covering space homeomorphic to F × [0, 1]. The proof shows that (b) may
be replaced by the stronger condition (b’) F is a fiber in some fibration of Σ over S1 for
which the monodromy homeomorphism is of finite order. In particular, the conclusion of the
lemma holds in this case.
If F is connected but Σ is not, the assertion of the lemma follows upon applying the case
discussed above, with the role of Σ played by the component of Σ containing F .
To prove the result in general, we use induction on c(F ). If c(F ) = 1, i.e. F is connected,
we are in the case discussed above, and if c(F ) = 0, i.e. F = ∅, the result is trivial. Now
suppose that c(F ) = n > 1 and that the result is true for surfaces with n − 1 components.
Assume that no component of F is a fiber in a fibration of a component of Σ over S1. Fix
a component F0 of F . Since the lemma has been proved in the case of a connected surface,
there is a Seifert fibration of p : Σ → E, for some compact 2-manifold E, in which F0 is
saturated. Hence F is a torus. Let N denote a regular neighborhood of F0 which is saturated
in the Seifert fibration p. We may identify N homeomorphically with F0 × [−1, 1] in such a
way that F0 is identified with F0 × {0}. For ε = ±1, fix an annulus Cε ⊂ F0 × {ε} ⊂ ∂N
which is saturated in the Seifert fibration p. Note that the annuli C1 and C−1 are homotopic
in N . Set Σ′ = Σ−N , and set A′ = A ∪ C1 ∪ C−1 ⊂ ∂Σ′, so that A′ is saturated with
respect to the Seifert fibration p|Σ′. Now set F ′ = F − F0, so that c(F ′) = n − 1. By the
induction hypothesis, either (i) some component F ′1 of F
′ is a fiber in a fibration over S1 of
a component Σ′1 of Σ
′ containing F ′1, or (ii) F
′ ∪ A′ is saturated in some Seifert fibration of
Σ′. If (i) holds, then since no component of F is a fiber in a fibration of a component of Σ
over S1, we must have Σ′1 ⊂ Σ0, where Σ0 denotes the component of Σ containing F0. This
implies that Σ′1 ⊂ Σ0−N , so that Σ′1 is not closed; this is impossible, because F ′1 is a closed
surface, and therefore cannot be the fiber in a fibration of a non-closed 3-manifold over S1.
Hence (ii) must hold. Fix a Seifert fibration q : Σ′ → B, for some compact 2-manifold B,
in which F ′ and A′ are saturated. In particular the annuli C1 and C−1 are saturated in
the fibration q. Since C1 and C−1 are homotopic in N = F0 × [−1, 1], the Seifert fibration
q|(F0 × {−1, 1}) extends to a Seifert fibration of N in which F0 = F0 × {0} is saturated. It
follows that q extends to a Seifert fibration q of Σ in which F0 is saturated. Since F
′ and
A ⊂ A′ are saturated in the Seifert fibration q, it now follows that F = F ′ ∪ F0 and A are
saturated in the Seifert fibration q, and the induction is complete. 
Lemma 6.4. Let M be a closed graph manifold (see 2.9). Let X be a compact (possibly
empty) 2-submanifold of M whose boundary components are all incompressible tori in M .
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Suppose that h(M) ≥ max(4, h(X)), and let m be an integer such that max(2, h(X)) ≤ m ≤
h(M). Then there is a compact, connected submanifold L of M such that X ⊂ intL, each
component of ∂L is an incompressible torus in M , and h(L) = m.
Proof. Let Σ denote the characteristic submanifold of M . (By definition this means that
Σ = M if M is Seifert-fibered, and that if M is a non-Seifert-fibered graph manifold, and
hence a Haken manifold, then Σ is the characteristic submanifold as defined in [30]; cf. 4.7).
Since M is a graph manifold, each component of M − Σ is homeomorphic to [0, 1]×S1×S1.
Since the components of ∂X are incompressible tori, we may assume after an isotopy that
∂X ⊂ int Σ. Since each component of Σ is a Seifert fibered space, Σ itself admits a Seifert
fibration. Applying Lemma 6.3, taking F = ∂X and A = ∅, we deduce that either (i) some
component F0 of ∂X is a fiber in a fibration over S
1 of some component Σ0 of Σ, or (ii) ∂X
is saturated in some Seifert fibration of Σ. If (i) holds, then since the components of ∂X are
tori, Σ0 is closed and h(Σ0) ≤ 3. Since the graph manifold M is by definition irreducible and
therefore connected, it follows that M = Σ0 and hence that h(M) ≤ 3, a contradiction to
the hypothesis. Hence (ii) holds. Let us fix a Seifert fibration p : Σ→ B, for some compact
2-manifold B, in which ∂X is saturated.
The images under p of singular fibers of Σ will be referred to as singular points of B.
Let K denote the set of all compact, connected, non-empty, 3-dimensional submanifolds K
of M such that (1) X ⊂ intK and (2) each component of ∂K is an incompressible saturated
torus in int Σ.
Set µ = max(2, h(X)). We claim that:
6.4.1. There is an element K of K with h(K) ≤ µ.
Indeed, if X 6= ∅, then since ∂X is saturated, X admits a regular neighborhood K with
saturated boundary; it is clear that K ∈ K, and h(K) = h(X) ≤ µ by the definition of µ.
Hence 6.4.1 is true in this case. If X = ∅ and Σ 6= M , then ∂Σ 6= ∅. In this case, let us
choose a saturated boundary-parallel torus T ⊂ int Σ, and let K denote a saturated regular
neighborhood of T in int Σ. We clearly have K ∈ K, and we have h(K) = 2 ≤ µ. If X = ∅
and Σ = M , then since h(M) ≥ 4, Lemma 6.2 gives a saturated incompressible torus in M .
If K denotes a saturated neighborhood of such a torus, then again we clearly have K ∈ K,
and again we have h(K) = 2 ≤ µ. This proves 6.4.1.
Now for each K ∈ K, since ∂K is saturated in the Seifert fibration of Σ, the 3-dimensional
submanifold Σ \K of Σ is also saturated. Hence we may write Σ \K = p−1(RK) for a unique
2-submanifold RK of B. Each component of ∂RK is contained in either ∂B or p(∂K). Let
α1(K) denote the number of components of ∂B contained in RK , let α2(K) denote the
number of singular points lying in RK , and let γ(K) denote the sum of the squares of the
first betti numbers of the components of RK . Set ν(K) = (α1(K)+α2(K), γ(K)) ∈ N2. The
set N2 of pairs of non-negative integers will be endowed with the lexicographical order. We
claim:
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6.4.2. Suppose that K is an element of K with non-empty boundary, and that T is a com-
ponent of ∂K. Then T = p−1(`) for some simple closed curve ` ⊂ intB. Furthermore, we
have ` ⊂ ∂RK, and if R0 denotes the component of RK whose boundary contains `, then
there exist a subsurface ∆ of R0, and a regular neighborhood K
′ of K ∪ p−1(∆) in M , such
that
• K ′ ∈ K,
• h(K ′) ≤ h(K) + 1, and
• ν(K ′) < ν(K).
To prove 6.4.2, first note that the definition of K implies that T is a saturated torus in
int Σ, and therefore has the form p−1(`) for some simple closed curve ` ⊂ intB. Since T is
a component of ∂K, the curve ` is a component of ∂RK . Let R0 denote the component of
RK whose boundary contains `.
If R0 were a disk containing at most one singular point, then p
−1(R0) would be a solid torus
with boundary T ; this would contradict the incompressibility of T in M . Hence one of the
following cases must occur: (i) R0 is a disk containing exactly two singular points; (ii) R0
is a disk containing at least three singular points, or χ(R0) ≤ 0 and R0 contains at least
one singular point; (iii) R0 contains no singular points and χ(R0) < 0; (iv) R0 is an annulus
or Mo¨bius band containing no singular points, and ∂R0 ⊂ p(∂K); or (v) R0 is an annulus
containing no singular points, and the component of ∂R0 distinct from ` is contained in ∂B.
In Cases (i), (iv), and (v) we will take ∆ = R0. In Case (ii) we will take ∆ to be a disk
contained in R0, meeting ∂R0 in an arc contained in `, and containing exactly one singular
point in its interior and none on its boundary. In Case (iii) we will take ∆ to be a regular
neighborhood relative to R0 of a non-boundary-parallel arc in R0 which has both endpoints
in `.
In each case, ∆ is connected, and ∆ ∩ p(K) is a non-empty 1-dimensional submanifold of
p(∂K); hence K ′0 := K ∪ p−1(∆) is a connected 3-manifold. Furthermore, since K ∈ K,
each component of ∂K is an incompressible saturated torus in int Σ. Hence each boundary
component of K ′0 is a saturated torus in Σ.
It is also clear from the construction of ∆ in each of the five cases that no boundary com-
ponent of R0 −∆ bounds a disk in R0 containing at most one singular point. This implies
that every boundary component of J := p−1(R0 −∆) is pi1-injective in Z := p−1(R0). The
components of ∂Z are incompressible in M , because each of them is a component of either
∂K or ∂Σ. Hence Z is pi1-injective in M ; it follows that the components of ∂J are incom-
pressible in M . But every boundary component of K ′0 is a boundary component of either K
or J . Hence all boundary components of K ′0 are incompressible in M .
We will take K ′ to be a small regular neigborhood of K ′0 in M . Since the components of
∂K ′0 are saturated tori in int Σ and are incompressible in M , we may choose K
′ so that its
boundary components are also saturated tori in int Σ and incompressible in M . Since in
addition intK ′ ⊃ intK ⊃ X, we have K ′ ∈ K.
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We must show that h(K ′) ≤ h(K) + 1, or equivalently that h(K ′0) ≤ h(K) + 1. For this pur-
pose it suffices to show that dimH1(K
′
0, K;Z2) ≤ 1, or equivalently that dimH1(L, Y ;Z2) ≤
1, where L = p−1(∆) and Y = p−1(∆) ∩K = p−1(∆ ∩ ∂R0). This is readily verified in each
of the cases (i)—(v). Indeed, in Case (i), L is a Seifert fibered space over the disk with two
singular fibers and Y = ∂L. In Case (ii), L is a solid torus and Y is a homotopically non-
trivial annulus in ∂L. In Cases (iii) and (v), the pair (L, Y ) is respectively homeomorphic
to ([0, 1]× [0, 1]×S1, [0, 1]×{0, 1}×S1) and (S1×S1× [0, 1], S1×S1×{0}), while in Case
(iv), L is homeomorphic to an S1-bundle over an annulus or Mo¨bius band, and Y = ∂L.
To prove 6.4.2, it remains to show that ν(K ′) < ν(K). For this purpose, note that, as a
consequence of the definitions and the constructions, α1(K)−α1(K ′) is equal to the number
of components of ∂B contained in ∆, while α2(K)−α2(K ′) is equal to the number of points
of singular points lying in ∆. This gives α1(K
′) ≤ α1(K) and α2(K ′) ≤ α2(K) for i = 1, 2,
and at least one of these inequalities will be strict if ∆ contains either a component of ∂B or
a singular point of B. It follows from the construction of ∆ that this is true in Cases (i), (ii),
and (v). Thus in these cases we have α1(K
′) + α2(K ′) < α1(K) + α2(K), and in particular
ν(K ′) < ν(K). In Cases (iii) and (iv) we have α1(K ′) + α2(K ′) ≤ α1(K) + α2(K), and we
need to prove that γ(K ′) < γ(K). Since RK′ is homeomorphic to RK′0 , it suffices to prove
that γ(K ′0) < γ(K).
In Case (iii), RK′0 is obtained from RK by removing a regular neighborhood of a properly
embedded arc in the component R0 of RK ; this arc is not boundary-parallel in R0, and its
endpoints are in the same component of ∂R0. If the arc does not separate R0, then RK′0
is obtained from RK by replacing the component R0 by a new component whose first betti
number is one less than that of R0; hence γ(K
′
0) < γ(K) in this subcase. If the arc separates
R0, then RK′0 is obtained from RK by replacing the component R0 by two new components,
whose first betti numbers are strictly positive and add up to the first betti number of R.
Hence γ(K ′0) < γ(K) in this subcase as well. In Case (iv), RK′0 is obtained from RK by
discarding a component which is an annulus or a Mo¨bius band. Hence γ(K ′0) = γ(K)− 1 in
this case. This completes the proof of 6.4.2.
Now let K∗ denote the subset of K consisting of all elements K such that h(K) ≤ m. Since
m ≥ µ by hypothesis, it follows from 6.4.1 that K∗ 6= ∅. Since N2 is well ordered, it now
follows that there is an element L ∈ K∗ such that ν(L) ≤ ν(K) for every K ∈ K∗. By
the definition of K∗ we have h(L) ≤ m. Suppose that h(L) < m. Since h(M) ≥ m by
hypothesis, we then have h(L) < h(M), so that L 6= M and therefore ∂L 6= ∅. Hence by
6.4.2, applied with L playing the role of K, there is an element L′ of K such that ν(L′) < ν(L)
and h(L′) ≤ h(L) + 1 ≤ m. This means that h(L′) ∈ K∗, a contradiction. This shows that
h(L) = m. In view of the definition of K, it follows that L has the properties asserted in the
lemma. 
Lemma 6.5. Let Y be a compact, connected, orientable 3-manifold. Let T ⊂ intY be a
compact 2-manifold whose components are all of strictly positive genus, and suppose that
Y − T has exactly two components, B and C. Then h(Y ) ≤ h(B) + h(C)− 1.
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Proof. All homology groups considered in this proof will be understood to have Z2 coeffi-
cients. Let m denote the number of components of T . Consider the exact sequence
(6.5.1) H1(T )→ H1(B)⊕H1(C)→ H1(Y )→ H0(T )→ H0(B)⊕H0(C)→ H0(Y )→ 0,
which is a fragment of the Mayer-Vietoris sequence. Let V denote the image of the map
H1(T )→ H1(B)⊕H1(C) in (6.5.1). The sequence (6.5.1) gives rise to an exact sequence
(6.5.2) 0→ V → H1(B)⊕H1(C)→ H1(Y )→ H0(T )→ H0(B)⊕H0(C)→ H0(Y )→ 0.
The exactness of (6.5.2) implies that
0 = dimV − dim(H1(B)⊕H1(C)) + dimH1(Y )− dimH0(T ) + dim(H0(B)⊕H0(C))− dimH0(Y )
= dimV − (h(B) + h(C)) + h(Y )−m+ 2− 1,
so that
(6.5.3) h(Y ) = (h(B) + h(C)) + (m− dimV )− 1.
Now let i : H1(T )→ H1(B¯) and j : H1(T )→ H1(C¯) denote the inclusion homomorphisms.
The intersection pairing on H1(T ) is non-singular because T is a closed surface; but since
T ⊂ ∂B, this pairing is trivial on ker i. Hence dim ker i ≤ (dimH1(T ))/2, and therefore
dim Im i ≥ (dimH1(T ))/2. Since each component of T has strictly positive genus, we
have dimH1(T ) ≥ 2m, and so dim Im i ≥ m. On the other hand, the map H1(T ) →
H1(B)⊕H1(C) in (6.5.1) is defined by x 7→ (i(x), j(x)), and so dimV ≥ dim Im i. It follows
that
(6.5.4) dimV ≥ m.
The conclusion of the lemma follows from (6.5.3) and (6.5.4). 
Lemma 6.6. Let U and V be compact, connected 3-dimensional submanifolds of an ori-
entable 3-manifold. Suppose that intU ∩ intV = ∅, and that every component of U ∩ V is a
torus. Then h(U ∪ V ) ≥ h(U)− 1.
Proof. All homology groups in this proof will be understood to have coefficients in Z2. Set
T = U ∩V and Z = U ∪V . We may assume that T 6= ∅, so that Z is connected. Then T is a
union of m boundary tori of V for some integer m ≥ 1. The intersection pairing on H1(T ;Z2)
is nondegenerate, and the kernel K of the inclusion homomorphism H1(T )→ H1(V ) is self-
orthogonal with respect to this pairing. Hence dimK ≤ (dimH1(T ;Z2))/2 = m. The
exactness of the Mayer-Vietoris fragment
H1(T ) −→ H1(U)⊕H1(V ) −→ H1(Z)
implies that the kernel L of the inclusion homomorphism H1(U) → H1(Z) is the image of
K under the inclusion homomorphism H1(T ) → H1(U). Hence dimL ≤ m. Now since U
and Z are connected, the homology exact sequence of the pair (Z,U) gives rise to an exact
sequence
0 −→ L −→ H1(U) −→ H1(Z) −→ H1(Z,U)→ 0,
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which implies that
(6.6.1) h(U)− h(Z) = dimL− dimH1(Z,U) ≤ m− dimH1(Z,U).
On the other hand, by excision we have H1(Z,U) ∼= H1(V, T ), and the exact homology
sequence
H1(V, T ) −→ H0(T ) −→ H0(V )
shows that dimH1(V, T ) ≥ dimH0(T )− dimH0(V ) = m− 1. Thus dimH1(Z,U) ≥ m− 1,
which combined with (6.6.1) gives h(U)− h(Z) ≤ 1. 
Lemma 6.7. Let m ≥ 2 be an integer, and let M be a closed graph manifold with h(M) >
max(3,m(m− 1)). Then there is a compact submanifold P of M such that
• each component of ∂P is an incompressible torus in M ,
• P and M − P are connected, and
• min(h(P ), h(M − P )) ≥ m.
Proof. Note that the hypothesis implies that h(M) ≥ 4 and that 2 ≤ m ≤ h(M). Hence by
Lemma 6.4, applied with X = ∅, there is a compact, connected submanifold L of M such
that (a) each component of ∂L is an incompressible torus in M , and (b) h(L) = m. It follows
from the special case T = ∅ of [30, Theorem V.2.1] that we may take L to be “maximal”
among all compact, connected submanifolds satisfying (a) and (b) in the sense that, if L′ is
any compact, connected submanifold of intM , such that L ⊂ intL′, each component of ∂L′
is an incompressible torus in M , and h(L′) = m, then L′ is a regular neighborhood of L.
Since the hypothesis implies that h(M) > m, we have L 6= M , so that ∂L 6= ∅.
It is a standard consequence of Poincare´-Lefschetz duality that the total genus of the bound-
ary of a compact, connected, orientable 3-manifold L is at most h(L). Since the boundary
components of the manifold L we have chosen are tori, it follows that ∂L has at most m
components. Thus if k = c(∂L) and r = c(M − L), we have 1 ≤ r ≤ k ≤ m. If P1, . . . , Pr
are the components of M − L, we may index the components of ∂L as S1, . . . , Sk, in such a
way that Si ⊂ ∂Pi for i = 1, . . . , r.
For p = 0, . . . , r, let Lp denote the connected 3-manifold obtained from the disjoint union
L  P1  · · ·  Pp by gluing Si ⊂ L to Si ⊂ Pi, for i = 1, . . . , p, via the identity map.
Then h(L0) = h(L) = m. For 1 ≤ p ≤ r, it follows from Lemma 6.5 that h(Lp) ≤
h(Lp−1) + h(Pp)− 1. Hence
h(Lr) ≤ h(L0) +
r∑
i=1
h(Pi)− r = m− r +
r∑
i=1
h(Pi).
Up to homeomorphism, the manifold M may be obtained from Lr by gluing the boundary
components Sr+1, . . . , Sk of L ⊂ Lr to boundary components of P1  · · ·  Pr ⊂ Lr. Hence
h(M) ≤ h(Lr) + k − r ≤ 2(m− r) +
r∑
i=1
h(Pi).
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Since h(M) > m(m − 1) by the hypothesis of the lemma, we obtain m2 − 3m < −2r +∑r
i=1 h(Pi) =
∑r
i=1(h(Pi)− 2), so that
r∑
i=1
(h(Pi)− 2) > m(m− 3) ≥ r(m− 3).
Hence h(Pi0) − 2 > m − 3 for some i0 ∈ {1, . . . , r}. If we set P = Pi0 it follows that
h(P ) ≥ m. Furthermore, P = Pi0 is by definition connected, and M − P = L ∪
⋃
i 6=i0 Pi is
connected because each of the connected submanifolds Pi meets the connected submanifold
L. It remains only to show that h(M − P ) ≥ m.
Assume that h(M − P ) < m. We again apply Lemma 6.4, this time taking X = M − P .
This gives a compact, connected submanifold L′ of M such that M − P ⊂ intL′, each
component of ∂L′ is an incompressible torus in M , and h(L′) = m. Since L ⊂ M − P ,
we in particular have L ⊂ intL′. In view of our choice of L, it follows that L′ is a regular
neighborhood of L. Since L ⊂ M − P ⊂ intL′, and since the boundary components of
M − P are incompressible, it follows that L′ is also a regular neighborhood of M − P . But
this is impossible because h(L′) = m > h(M − P ). 
7. Finding useful solid tori
We indicated in the introduction that if T is a 2-suborbifold of a hyperbolic orbifold M, such
that the components of |T| are incompressible tori in |M|, it may be necessary to modify T
to obtain a suborbifold that is useful for finding lower bounds for the invariants introduced
in Section 5, and hence for volM. These modifications will be detailed in Section 8.
The main result of this section, Lemma 7.2, is a technical result on 3-orbifolds that will be
needed for the constructions given in Section 8. The following result, Lemma 7.1, is required
for the proof of Lemma 7.2.
Lemma 7.1. Let p : W→ B be a covering map of compact, connected 2-orbifolds. Suppose
that W is orientable, that χ(|W|) = 0, and that |p| : |W| → |B| (see 2.16) is pi1-injective.
Then χ(|B|) = 0. Furthermore, the index in pi1(|B|) of the image of |p|] : pi1(|W|)→ pi1(|B|)
is at most the degree of the orbifold covering map p. Finally, if |W| is an annulus, if every
finite subgroup of pi1(B) is cyclic, and if the degree of p is at least 2, then card ΣW 6= 1.
Proof of Lemma 7.1. Let d denote the degree of the orbifold covering map p.
In the case where |W| is a torus, the pi1-injectivity of |p| implies that pi1(|B|) has a subgroup
isomorphic to Z×Z, and therefore that the 2-manifold |B| is a torus or Klein bottle. Hence
χ(|B|) = 0. Since |B| is closed, we have dim ΣB ≤ 0, so that |p| is a branched covering map;
in particular |p| is a degree-d map of closed manifolds, and hence |pi1(|B|) : |p|](|pi1(|W|)| ≤ d.
The rest of the proof will be devoted to the case in which |W| is an annulus. Since B is
connected, the covering map p is surjective, and hence restricts to a surjective covering map
r : ∂W→ ∂B. Since ∂B is a closed 1-orbifold, each of its components is homeomorphic to S1
or [[0, 1]]. If a component G of ∂B is homeomorphic to [[0, 1]], then r maps some component
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G˜ of ∂W to G. Since B is orientable, |G˜| is a component of ∂|W|, and is therefore pi1-injective
in the annulus |W|. The pi1-injectivity of |p| then implies that |p|
∣∣|G˜| : |G˜| → |G| is pi1-
injective; this is impossible, since |G˜| is a 1-sphere and |G| is an arc. Hence every component
of ∂B is (orbifold)-homeomorphic to S1; equivalently, |∂B| is a closed 1-manifold.
Let Σ1B denote the union of all 1-dimensional components of ΣB. According to 2.16, we have
∂|B| = |∂B| ∪ Σ1B. In the present situation, since |∂B| is a closed topological 1-manifold,
we may write ∂B as a disjoint union |∂B|  Σ1B of closed topological 1-manifolds.
Since p is an orbifold covering and W is orientable, we have |p|(∂|W|) = |p(∂W)| = |∂B|.
Since |∂B| ∩Σ1B = ∅, it follows that C := |p|−1(Σ1B) ⊂ int |W|. It follows that for each point
x of C there exist a finite (cyclic or dihedral) subgroup G of O(2) containing a reflection, an
orientation-preserving (cyclic and possibly trivial) subgroup G′ of G, orbifold neighborhoods
U′ and U of x and p(x) in W and B respectively, a neighborhood V of 0 in R2, and orbifold
homeomorphisms h : V/G → U and h′ : V/G′ → U′, such that p(U′) = U, and h−1 ◦ p ◦ h′
is the natural quotient map from V/G′ to V/G. In particular, U′ may be chosen so that
C ∩ |U′| is homeomorphic to the intersection of D2 with a finite union of lines through the
origin in R2. Since this holds for every x ∈ C, the set C is homeomorphic to a finite graph
in which every vertex has even, positive valence. In particular, C is a finite graph, without
endpoints or isolated vertices, contained in the interior of the annulus |W|; this implies:
7.1.1. Either (a) every component of C is a homotopically non-trivial curve in |W|, or (b)
some component of int |W| − C is an open disk.
Let us set W = |B| − Σ1B and W˜ = |p|−1(W ) = |W| − C. The definition of Σ1B implies that
ω(W ) has only isolated singular points, and hence that |p|∣∣(W˜ ) is a branched covering map
of degree d from the (possibly disconnected) 2-manifold |W| − C to W . Since Σ1B ⊂ ∂|B|,
we have W ⊃ int |B|. Hence:
7.1.2. For every component X of W˜ , the restriction of p to intX is a branched covering
map of degree at most d from intX to int |B| (and is surjective since the 2-manifold |B| is
connected).
If Alternative (b) of 7.1.1 holds, so that W˜ has a component X such that intX is an open
disk, then 7.1.2 implies that |p| restricts to a (surjective) branched covering map from intX
to int |B|, and it follows that int |B| is an open disk. This is impossible, since |W| is an
annulus and |p|∣∣|W| : |W| → |B| is pi1-injective. Hence Alternative (a) of 7.1.1 holds, i.e.
7.1.3. Every component of C is a homotopically non-trivial curve in the interior of the
annulus |W|.
It follows from 7.1.3 that every component of W˜ is the interior of an annulus in |W|. If we
fix a component X0 of W˜ , then by 7.1.2, |p| restricts to a branched covering map of degree at
most d from the open annulus intX0 to int |B|, and it follows that |B| is a annulus, a Mo¨bius
band or a disk; but again, the pi1-injectivity of |p| implies that |B| is not a disk. Thus we
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have shown that |B| is an annulus or a Mo¨bius band, and so χ(|B|) = 0. Furthermore, since
the branched covering map |p|∣∣ intX0 → |B| has degree at most d, the image of (|p|∣∣X0)] has
index at most d in pi1(|B|). In particular, the image of |p|] has index at most d in pi1(|B|).
To prove the final assertion, suppose that every finite subgroup of pi1(B) is cyclic. Under
this additional hypothesis, we claim:
(7.1.4) ΣW ∩ C = ∅.
To prove (7.1.4), suppose that x is a point of ΣW ∩ C. Set y = p(x). Since x ∈ C we have
y ∈ Σ1B, so that Gy contains a reflection (where the notation Gy is defined by 2.16). But
since x ∈ ΣW and W is orientable, Gy must also contain a rotation. Hence Gy is non-cyclic.
But 2.33 gives χ(B) ≤ χ(|B|) = 0, which implies that B is a very good orbifold, and hence
that Gy is isomorphic to a subgroup of pi1(B). This contradicts the condition that every
finite subgroup of pi1(B) is cyclic, and (7.1.4) is proved.
Now assume further that d ≥ 2 and that card ΣW = 1. In particular ΣW 6= ∅. Since W is
orientable we have ΣW ⊂ int |W| = | intW|, which with (7.1.4) gives ∅ 6= ΣW ⊂ | intW| −C.
Since p is a covering map we have p(intW) ⊂ intB and p(ΣW) ⊂ ΣB. Recalling that
C = p−1(Σ1B), we deduce that ∅ 6= p(ΣW) ⊂ ΣB ∩ (| intB| − Σ1B) = ΣB ∩ int |B|. Thus
(7.1.5) ΣB ∩ int |B| 6= ∅.
We have observed that W ⊃ int |B|, so that int |B| = intW , and that ω(W ) has only isolated
singular points. Set n = card Σω(intW ); by (7.1.5) we have n ≥ 1. If Σω(intW ) = {y1, . . . , yn},
and if ki denotes the order of yi, then by 2.33 we have χ(ω(intW )) = χ(intW ) +
∑n
i=1(1−
1/ki) =
∑n
i=1(1− 1/ki) ≥ n/2 ≥ 1/2. Since p|ω(int W˜ ) : ω(int W˜ )→ ω(intW ) is a degree-
d (orbifold) covering, and d ≥ 2, we have χ(ω(int W˜ )) = d · χ(ω(intW )) ≥ 1. But we
have assumed that card ΣW = 1, and by (7.1.4) we have ΣW ⊂ int W˜ ; thus card Σω(int W˜ ) =
1. If ` denotes the order of the unique point of Σintω(W˜ ), then 2.33 gives χ(ω(int W˜ )) =
χ(int W˜ ) + (1− 1/`). Since each component of W˜ is a half-open annulus by 7.1.3, we obtain
χ(ω(int W˜ )) = 1− 1/` < 1, a contradiction. This establishes the final assertion. 
Lemma 7.2. Let K be a strongly atoral, boundary-irreducible, orientable 3-orbifold. Set
K = |K|. Suppose that K is boundary-irreducible and +-irreducible (see Definition 2.10),
and that K+ is not homeomorphic to T 2 × [0, 1] or to a twisted I-bundle over a Klein bottle
(where K+ is defined as in 2.10). Suppose that X is a pi1-injective, connected subsurface of
∂K+, with X ∩ ΣK 6= ∅ and χ(X) = 0, and that there exist disks G1, . . . , Gn ⊂ intX, where
n ≥ 0, such that X − (G1 ∪ . . . ∪Gn) is a component of |F(K)|. Then X is an annulus,
and there is a pi1-injective solid torus J ⊂ K+, with ∂J ⊂ K ⊂ K+, such that one of the
following alternatives holds:
• We have (∂J) ∩ (∂K) = X  X ′ for some annulus X ′ ⊂ ∂K+; furthermore, each
of the annuli X and X ′ has winding number 1 in J (see 2.9) and has non-empty
intersection with ΣK, and (∂J) ∩ ΣK ⊂ intX ∪ intX ′.
• We have (∂J)∩ (∂K) = X; furthermore, X has winding number 1 or 2 in J , and we
have wt(∂J) ≥ λK (see 2.37) and (∂J) ∩ ΣK ⊂ intX.
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Proof. Since X is pi1-injective in ∂K
+, which is a union of components of ∂K, and since K
is boundary-irreducible, X is pi1-injective in K.
For i = 1, . . . , n, the simple closed curve ∂ ω(Gi) is a component of ∂F(K) and is therefore pi1-
injective in K by 4.3. Hence ω(Gi) is not discal. Since Gi is a disk, it follows that wt(Gi) ≥ 2.
We have wt(X) ≥∑ni=1 wt(Gi), and hence
(7.2.1) wt(X) ≥ 2n.
Let X0 denote the component X − (G1 ∪ . . . ∪Gn) of |F(K)|. Since X is pi1-injective in K,
since the surface X has Euler characteristic 0 and is therefore non-simply connected, and
since the inclusion homomorphism pi1(X0) → pi1(X) is surjective, the inclusion homomor-
phism pi1(X0)→ pi1(K) is non-trivial.
Since χ(X) = 0 and X ∩ ΣK 6= ∅, it follows from 2.33 that χ(ω(X)) < 0. Hence if n = 0,
so that X0 = X, we have χ(ω(X0)) = χ(ω(X)) < 0. If n > 0 then 2.33 gives χ(ω(X0)) ≤
χ(X0) = χ(X) − n = −n < 0. Thus in any event we have χ(ω(X0)) < 0. If L0 denotes
the component of S(K) containing ω(X0), then by 4.3 we have χ(L0) = χ(L0 ∩ ∂K)/2;
every component of L0 ∩ ∂K is a component of F(K) and therefore has non-positive Euler
characteristic by 4.3. Hence χ(L0) ≤ χ(ω(X0))/2 < 0. In particular L0 is not a solid toric
orbifold, so that by Lemma 3.9, L is not a binding-like S-suborbifold of K. It follows that
L0 is a page-like S-suborbifold of K.
We may therefore fix an I-fibration q0 : L0 → B0, where B0 is some compact, connected
2-orbifold, such that F0 := |∂hL0| = |L0| ∩ ∂K. Note that X0 is a component of F0.
In the case where the page-like S-suborbifold L0 is twisted, q0 is a non-trivial fibration,
so that F0 is connected; hence we have F0 = X0 in this case. In the case where the
page-like S-suborbifold L0 is untwisted, q0 is a trivial fibration, so that F0 has exactly two
components; in this case the component F0 distinct from X0 will be denoted X ′0. In this
case the inclusion map from X ′0 to K is homotopic in K to a homemorphism of X
′
0 onto X0;
since the inclusion homomorphism pi1(X0) → pi1(K) is non-trivial, it then follows that the
inclusion homomorphism pi1(X
′
0)→ pi1(K) is also non-trivial in this case.
Hence in all cases:
7.2.2. For each component F of F0, the inclusion homomorphism pi1(F ) → pi1(K) is non-
trivial.
Let us write |FrL0| = A0 A1, where A0 (respectively A1) denotes the union of all compo-
nents A of |FrL0| such that the inclusion homomorphism pi1(A)→ pi1(K) is trivial (respec-
tively, non-trivial). Since each component of FrL0 ⊂ A (K) is an orientable annular orbifold
(see 4.3), each component of Ai is an annulus or a disk for i = 0, 1, and any annulus compo-
nent of Ai has weight 0. It is obvious from the definition that A1 has no disk components,
and hence:
7.2.3. Each component of A1 is a weight-0 annulus.
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If A is any component of A1, then A is a component of |∂vL0|, and hence has a boundary
component contained in each component of |∂hL0| = F0. In particular some component C
of ∂A is contained in X0, and is therefore a component of ∂X0. On the other hand, since A
is an annulus by 7.2.3, the definition of A1 implies that C is homotopically non-trivial in K.
This implies that C cannot have the form ∂Gi with 1 ≤ i ≤ n; hence C is a component of
∂X. Since C is homotopically non-trivial in K, it is in particular homotopically non-trivial
in the 2-manifold X, and is therefore pi1-injective in X. Since by hypothesis X is pi1-injective
in ∂K, and K is boudary-irreducible, it follows that C is pi1-injective in K. As C is a
component of ∂A, the annulus A is pi1-injective in K. This shows:
7.2.4. A1 is pi1-injective in K.
Since ∂G1, . . . , ∂Gn are components of ∂X0 ⊂ ∂F0 that bound disks in ∂K, they are compo-
nents of ∂A0. On the other hand, since X is a compact, orientable 2-manifold with χ(X) = 0,
any component of ∂X carries pi1(X); since X is non-simply connected, and is pi1-injective in
K, it follows that any component of ∂X is a component of ∂A1. Thus:
7.2.5. We have ∂X0 ∩A0 = ∂G1 ∪ · · · ∪ ∂Gn, and ∂X0 ∩A1 = ∂X.
If C is any component of ∂A0, then C is a simple closed curve in ∂F0 which is homotopically
trivial in K. The boundary-irreducibility of K then implies that C bounds a disk in ∂K. A
disk bounded by C cannot contain a component F of F0, since the inclusion homomorphism
pi1(F ) → pi1(K) is non-trivial by 7.2.2. Hence the disk DC bounded by C is unique, and
satisfies DC ∩ F0 = C. Thus DC is a component of (∂K)− intF0.
According to 4.3, ω(A0) ⊂ ω(A (K)) is an orientable annular orbifold, essential in K, and
hence every component C of ω(∂A0) is pi1-injective in K. This shows:
7.2.6. For every component C of ∂A0 we have DC ∩ ΣK 6= ∅.
For each component A of A0, we set SA = A ∪
⋃
C∈C(∂A) DC . If A is an annulus, then ∂A
has two components C and C ′; the disks DC and DC′ are components of (∂K)− intF0 with
distinct boundaries, and are therefore disjoint. If A is a disk, then of course ∂A has only
one component. Hence in any case, SA is a 2-sphere. Since K
+ is irreducible, and since it is
immediate from the hypothesis that ∂K+ 6= ∅, the sphere SA bounds a unique ball EA ⊂ K+
for each component A of A0, and we have FrK+ EA = A.
Since X0 ⊂ |L0|, and since the inclusion homomorphism pi1(X0)→ pi1(K) is non-trivial while
the inclusion homomorphism pi1(K) → pi1(K+) is an isomorphism, the inclusion homomor-
phism pi1(|L0|)→ pi1(K+) is non-trivial. Hence if A is a component of A0, the ball EA cannot
contain |L0|. We must therefore have
(7.2.7) EA ∩ |L0| = A.
Thus EA is a component of K+ − |L0|.
If A and A′ are distinct components of A0, then EA and EA′ are components of K+ − |L0|,
and are distinct because their frontiers A and A′ are distinct. Hence:
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7.2.8. (EA)A∈C(A0) is a disjoint family.
We set J = |L0| ∪
⋃
A∈C(A0) EA. It follows from (7.2.7), 7.2.8 and the definitions that
(7.2.9) FrK+ J = A1.
It follows from (7.2.9) that ∂J = A1 ∪ (J ∩ ∂K+). Since A1 is properly embedded in K, it
now follows that
(7.2.10) (∂J) ∩ (∂K) ⊂ ∂K+
and that
(7.2.11) ∂J ⊂ K.
It follows from 7.2.4 that A1 is pi1-injective in K+, which according to the hypothesis is an
irreducible 3-manifold. With the manifold case of Lemma 2.41 (which is also a standard fact
in 3-manifold theory), this implies:
7.2.12. J is irreducible.
We set F = J ∩ ∂K+. It follows from the definitions of J and of the EA that
(7.2.13) F = F0 ∪
⋃
C∈C(∂A0)
DC .
Now X0 is a component of F0, and according to 7.2.5, G1, . . . , Gn are the only disks that
have the form DC for C ∈ C(∂A0) and meet X0. Since X = X0 ∪
⋃n
i=1Gi, it follows from
(7.2.13) that
7.2.14. X is a component of F .
The next step involves two 3-orbifolds Z and Z′, equipped with I-fibrations r : Z → D and
r′ : Z′ → D′ over 2-orbifolds, , which are constructed as follows. We define Z to be the
manifold D2× [0, 1], set D = D2, and define r to the projection to the first factor. We define
Z′ to be the quotient of Z by the involution (z, t) 7→ (z, 1− t), where the bar denotes complex
conjugation in D2. Since the involution maps fibers to fibers, Z′ inherits an orbifold fibration
from Z; its base, which we denote by D′, is the quotient of D2 by the involution z 7→ z. Note
that |D′| is a disk, and that ∂|D′| is the union of the two arcs |∂D′| and ΣD, which meet
only in their endpoints. Note also that ∂vZ is an annulus, while ∂vZ
′ is an orbifold having
two singular points of order 2, and a disk as underlying surface.
For each component A of A0, define ZA to be a homeomorphic copy of Z if A is an annulus,
and define ZA to be a homeomorphic copy of Z
′ if A is a disk and card Σω(A) = 2. Thus each
ZA has a fibration rA : ZA → DA, where DA is a 2-orbifold homeomorphic to either D or D′,
such that under suitable homeomorphic identifications of ZA and DA with Z and D or with
Z′ and D′, the fibration rA is identified with r or r′ respectively.
The fibration of any given orientable annular 2-orbifold is unique up to fiber-preserving
(orbifold) homeomorphism. Hence for each component A of A0, since Fr(ZA) and ω(A)
VOLUME AND HOMOLOGY FOR HYPERBOLIC 3-ORBIFOLDS, I 73
are homeomorphic by construction, there exist homeomorphisms ηA : ∂vZA → ω(A) and
hA : ∂DA → q0(ω(A)) such that q0 ◦ ηA = hA ◦ (rA|∂vZA). (It is worth bearing in mind that
the homeomorphic 1-manifolds |∂DA| and |ω(q0(A))| are arcs when A is a disk, and are 1-
spheres when A is an annulus.) Let L denote the 3-orbifold obtained from the disjoint union
of L0 with the ZA, where A ranges over the components of A0, by gluing ∂vZA to ω(A) ⊂ L0
via ηA for every A. Let B denote the 2-orbifold obtained from the disjoint union of B0 with
the DA, where A ranges over the components of A0, by gluing ∂DA to ω(q0(A)) ⊂ B0 via
hA for every A. Then there is a well-defined fibration q : L→ B which restricts to q0 on L0,
and to rA on ZA for each A.
For each component A of A0, both |ZA| and EA are 3-balls, and |∂vZA| ⊂ ∂|ZA| and A ⊂ ∂EA
are either both annuli or both disks. Hence, the homeomorphism |ηA| : |∂vZA| → A may be
extended to a homeomorphism from |ZA| to EA; we fix such an extension tA : |ZA| → EA for
each A, and define a map T : |L| → J to be the identity on |L0| and to restrict to tA on ZA
for each A. Since (EA)A∈C(A0) is a disjoint family by 7.2.8, and since EA ∩ |L0| = A for each
A by (7.2.7), the map T : |L| → J is a homeomorphism.
It follows from (7.2.13) and the definition of T that
(7.2.15) T (|∂hL|) = F .
From 7.2.14 and (7.2.15) it follows that T−1(X)) is a component of |∂hL|, so that
7.2.16. W := ω(T−1(X)) is a component of ∂hL.
According to 3.1, q|∂hL : ∂hL → B is a degree-2 orbifold covering. In particular, by
7.2.16, q|W : W → B is an orbifold covering of degree at most 2. On the other hand, the
homeomorphism T : |L| → J maps |W| onto the surface X. By hypothesis X is pi1-injective
in K and hence in K+, and in particular in J . The hypothesis also gives χ(X) = 0. Hence
|W| is pi1-injective in |L|, and χ(|W|) = 0. According to Lemma 3.4, |q| : |L| → |B| is a
homotopy equivalence, and hence |q∣∣W| = |q|∣∣|W| is pi1-injective. It therefore follows from
Lemma 7.1, applied with q|W playing the role of p, that χ(|B|) = 0. Hence |B| is a torus, a
Klein bottle, an annulus or a Mo¨bius band. Since |q| : |L| → |B| is a homotopy equivalence,
and T : |L| → J is a homeomorphism, J is homotopy-equivalent to |B|. Note also that
J ⊂ K = |K|, and since K is an orientable 3-orbifold, J is an orientable 3-manifold.
First suppose that |B| is a torus or Klein bottle. Thus J is homotopy-equivalent to a torus
or Klein bottle. Since the compact, orientable 3-manifold J is irreducible by 7.2.12, it follows
from [28, Theorem 10.6] that J is homeomorphic to T 2× [0, 1] or to a twisted I-bundle over
a Klein bottle. On the other hand, since |B| is closed, B must also be closed and ΣB must
be 0-dimensional. Since ∂hL is a covering space of B, it follows that |∂hL| is a branched
cover of |B|, and is therefore closed. Since the components of ∂vL are annular orbifolds, and
are therefore not closed, it follows that ∂vL = ∅, i.e. ∂|L| = |∂hL|. Since (7.2.15), with the
definition of F , implies that T (|∂hL|) ⊂ ∂K+, it now follows that ∂J = T (∂|L|) ⊂ ∂K+,
which with the connectedness of K+ implies that J = K+. But then K+ is homeomorphic
to T 2× [0, 1] or to a twisted I-bundle over a Klein bottle, a contradiction to the hypothesis.
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Hence |B| is either an annulus or a Mo¨bius band. Since J is homotopy-equivalent to |B|,
it follows that pi1(J) is cyclic. Since the compact, orientable 3-manifold J is irreducible by
7.2.12, it then follows from [28, Theorem 5.2] that
7.2.17. J is a solid torus.
Since we have seen that X is pi1-injective in K, it is pi1-injective in J . Furthermore, the
hypothesis gives χ(X) = 0. In view of 7.2.17, it follows that
7.2.18. X is an annulus.
Since pi1(X) and pi1(J) are infinite cyclic by 7.2.17 and 7.2.18, and X is pi1-injective in K, it
follows that
7.2.19. J is pi1-injective in K.
Note that the properties of X and J stated in the lemma before the alternatives given in
the two bullet points are covered by (7.2.11), 7.2.17, 7.2.18 and 7.2.19.
We have seen that q|∂hL : ∂hL→ B is a degree-2 orbifold covering. Furthermore, by 7.2.16,
W is one component of ∂hL. Hence either (a) ∂hL = W, and q|W is a 2-sheeted orbifold
covering map onto B; or (b) ∂hL has two components, W and a second component W
′, and
q|W and q|W′ are orbifold homeomorphisms onto B.
Suppose that (a) holds. In this case we will show that the solid torus J and the annulus X
satisfy the second alternative in the conclusion of the lemma. We have (∂J) ∩ (∂K) = J ∩
∂K+ = F = T (|∂hL|), by (7.2.10) and (7.2.15), and ∂hL = W by (a). Hence (∂J)∩ (∂K) =
T (|W|). But by definition (see 7.2.16) we have W = ω(T−1(X)), so that X = T (|W|). Thus
(∂J) ∩ (∂K) = X.
Next note that ∂J = (J ∩ ∂K+) ∪ FrK+ J = X ∪A1, in view of 7.2.9. Since A1 ∩ΣK = ∅ by
7.2.3, it follows that ∂J ∩ ΣK ⊂ intX.
To show that wt(∂J) ≥ λK, or equivalently that wtX ≥ λK, we distinguish several subcases.
By hypothesis we have X ∩ ΣK 6= ∅, i.e. wtX ≥ 1; hence the assertion is true if λK = 1. If
λK = 2 and n ≥ 1, then by 7.2.1 we have wt(X) ≥ 2n ≥ 2 = λK. There remains the subcase
in which λK = 2 and n = 0. In this subcase, we must show wtX ≥ 2, and since wtX ≥ 1,
it is enough to show that wtX 6= 1. Since n = 0, it follows from 7.2.5 that ∂X0 = ∂X, and
since X0 ⊂ X it then follows that X = X0. It also follows from 7.2.5 that ∂X0 ∩ A0 = ∅;
since each component of A0 = ∂vL0 is saturated in L0, and therefore meets X0 = ∂hL0, it
follows that A0 = ∅, so that L = L0 and B = B0. Since T is defined to be the identity on
|L0|, it is the identity on its entire domain |L|. Hence ω(X) = ω(T (X)) = W. To show that
wtX 6= 1, i.e. that card ΣW 6= 1, we will apply the last sentence of Lemma 7.1, with q|W
playing the role of p. We have already seen that the general hypotheses of Lemma 7.1 hold
with this choice of p. By 7.2.18, |W| = X is an annulus. Since (a) holds, p = q|W has degree
2. Since λK = 2, every cyclic subgroup of pi1(K) is cyclic. But pi1(B) is isomorphic to pi1(L)
since L has an I-fibration over B, and L is pi1-injective in K since it is an S-suborbifold of
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K. Hence every finite subgroup of pi1(B) is cyclic. It therefore indeed follows from the last
sentence of Lemma 7.1 that card ΣW 6= 1, and the proof that wt(∂J) ≥ λK is complete in
the case where (a) holds.
To complete the proof of the second alternative of the conclusion in the case where (a)
holds, it remains to show that the winding number of X in J (which is non-zero by the
pi1-injectivity of X is at most 2. Since the homeomorphism T : |L| → J maps |W| onto X,
this is equivalent to showing that, if P denotes the image of the inclusion homomorphism
pi1(|W|) → pi1(|L|), then the index |pi1(|L|) : P | is at most 2. Since |q| : |L| → |B| is
a homotopy equivalence by Lemma 3.4, we have |pi1(|L|) : P | = |pi1(|B|) : |p|](pi1(|W|))|,
where p denotes the degree-2 orbifold covering q|W : W → B. According to Lemma 7.1,
the index |pi1(|B|) : |p|](pi1(|W|))| is bounded above by the degree of the orbifold covering p,
which is equal to 2. This completes the proof of the conclusion in the case where Alternative
(a) holds.
Now suppose that (b) holds. In this case we will show that the solid torus J and the annulus
X satisfy the first alternative in the conclusion of the lemma. By definition (see 7.2.16) we
have W := ω(T−1(X)), so that X = T (|W|). Set X ′ = T (|W′|). Since q|W and q|W′ are
orbifold homeomorphisms onto B, the orbifolds W and W′ are homeomorphic. In particular,
|W| and |W′| are homeomorphic, and hence so are X and X ′. Thus X ′ is an annulus.
Since W and W′ are the components of ∂hL, it follows from (7.2.15) that X and X ′ are
the components of F . Since X ∪ X ′ = F = J ∩ ∂K+, and since FrK+ J = A1 by 7.2.9,
each component of (∂J)− (X ∪X ′) is a component of A1, and hence by 7.2.3 is a weight-0
annulus. It follows that (∂J)− (X ∪X ′) is a union of two weight-0 annuli. Hence (∂J)∩ΣK ⊂
intX ∪ intX ′, and the annuli X and X ′ have the same winding number in J . To determine
this common winding number, note that since q|W : W→ B is an orbifold homeomorphism,
and since |q| : |L| → |B| is a homotopy equivalence by the first assertion of Lemma 3.4, the
inclusion |W| → |L| is a homotopy equivalence; since X = T (|W|), the inclusion X → J is
a homotopy equivalence, and hence the common winding number of X and X ′ in J is 1.
To show that the first alternative in the conclusion of the lemma holds in this case, it remains
only to show that each of the annuli X and X ′ has non-empty intersection with ΣK. It follows
directly from the hypothesis that X ∩ΣK 6= ∅. To show that X ′ ∩ΣK 6= ∅, we first note that
by 7.2.13, X ′ contains a component of F0; since X ′ 6= X, this component of F0 is distinct
from X0, and is therefore equal to X
′
0 in the notation introduced above. By 7.2.13, X
′ is
the union of X ′0 with all disks of the form DC , where C ranges over the components of ∂A0
contained in X ′0. Consider first the subcase in which A0 6= ∅, and choose a component A
of A0. Since A is in particular a component of |FrL0|, it is saturated in the fibration of
L0, and therefore meets every component of |∂hL0| = F0 (see 3.1). Hence some component
C0 of ∂A ⊂ ∂A0 is contained in X ′0. We therefore have DC0 ⊂ X ′. But by 7.2.6 we have
DC0 ∩ ΣK 6= ∅, and hence X ′ ∩ ΣK 6= ∅ in this subcase.
Finally, consider the subcase in which A0 = ∅. We then have X = X0, X ′ = X ′0, L = L0
and B = B0. Since T is defined to be the identity on |L0|, it is the identity on its entire
domain |L|. Hence ω(X) = ω(T (X)) = W and ω(X ′) = ω(T (X ′)) = W′. It follows that
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X∩ΣK = ΣW and that X ′∩ΣK = ΣW′ . We have observed that W and W′ are homeomorphic
orbifolds, and hence card(X ∩ΣK) = card(ΣW) = card(ΣW′) = card(X ′∩ΣK). Since we have
X ∩ ΣK 6= ∅, it follows that X ′ ∩ ΣK 6= ∅ in this subcase as well. 
8. Tori in the underlying space of a 3-orbifold
In this section we give the construction referred to in the introduction, and at the beginning of
Section 7 for modifying a 2-suborbifold of a hyperbolic orbifold M, such that the components
of |T| are incompressible tori in |M|, so as to obtain a suborbifold that is useful for finding
lower bounds for the invariants introduced in Section 5.
Notation and Remarks 8.1. If S is a subset of an orbifold N such that S ∩ ΣN is finite,
we will define a quantity wt∗N S by setting wt
∗
N S = wtN S if wtN S is even or λN = 1, and
wt∗N S = wtN S + 1 if wtN S is odd and λN = 2. (See 2.32 and 2.37 for the definitions of
wtN ∈ N and λN ∈ {1, 2}.) Note that wt∗N S is always divisible by λN. Note also that if S and
S ′ are subsets of N such that S∩ΣN and S ′∩ΣN are both finite, and if wtN S ≤ wtN S ′, then
wt∗N S ≤ wt∗N S ′. Hence if wt∗N S ′ < wt∗N S then wtN S ′ < wtN S. Moreover, if wtN S = wtN S ′
then wt∗N S = wt
∗
N S
′.
We will write wt∗ S for wt∗N S when the orbifold N is understood.
Lemma 8.2. Let N be a compact, orientable, strongly atoral, boundary-irreducible 3-orbifold
containing no negative turnovers. Set N = |N|. Suppose that each component of ∂N is a
sphere, and that N is +-irreducible (see Definition 2.10). Let K be a non-empty, proper,
compact, connected, 3-dimensional submanifold of N . Assume that T := FrN K is contained
in intN and is in general position with respect to ΣN, and that its components are all incom-
pressible tori in N (so that K+ is naturally identified with a submanifold of N+ by 2.11).
Assume that K+ is not homeomorphic to T 2 × [0, 1] or to a twisted I-bundle over a Klein
bottle. Suppose that either (i) some component of ω(T ) is compressible in N, or (ii) each
component of ω(T ) is incompressible in N (so that ω(K) is boundary-irreducible and strongly
atoral by Lemma 2.41, and hence kish(ω(K)) is defined in view of 4.3) and
χ(kish(ω(K))) < min
(
1,
1
4
wt∗N(T )
)
.
Then at least one of the following conditions holds:
(1) There exist a disk D ⊂ N with ∂D = D ∩ T , such that D in general position with
respect to ΣN, and a disk E ⊂ T such that ∂E = ∂D and wtN(E) > wtN(D);
furthermore, if λN = 2, then max(wtN(E)− wtN(D),wtND) ≥ 2.
(2) There is a solid torus J ⊂ K+, pi1-injective in N+, with ∂J ⊂ K ∩ intN ⊂ K ⊂ K+,
such that (∂J) ∩ (∂K) is a union of two disjoint annuli X and X ′ contained in T ,
each having winding number 1 in J (see 2.9) and each having non-empty intersection
with ΣN, and (∂J) ∩ ΣN ⊂ intX ∪ intX ′.
(3) There is a solid torus J ⊂ K+, pi1-injective in N+, with ∂J ⊂ K∩ intN ⊂ K ⊂ K+,
such that (∂J) ∩ (∂K) is an annulus X ⊂ T , having winding number 1 or 2 in J ,
and we have wt(∂J) ≥ λN and (∂J) ∩ ΣN ⊂ intX.
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Proof of Lemma 8.2. Let us consider the case of the lemma in which Alternative (i) of the
hypothesis holds. Since some component of ω(T ) is compressible in N, it follows from
Proposition 2.35 that there is a discal 2-suborbifold D of N such that D ∩ ω(T ) = ∂D and
|D| is in general position with respect to ΣN, but such that there is no discal 2-suborbifold
E of ω(T ) with ∂E = ∂D. Equivalently, there is a disk D ⊂ N , in general position with
respect to ΣN, with γ := ∂D = D ∩ T , such that wtND ≤ 1 and such that γ does not
bound any disk of weight at most 1 in T . Since by hypothesis the components of T are
incompressible, there is a disk E ⊂ T with ∂E = γ. Hence wtE ≥ 2. In particular we
have wtE > wtD. Furthermore, if wt(E) − wt(D) = 1, then we must have wtE = 2 and
wtD = 1; this implies that D ∪ E is a 2-sphere of weight 3 in |N|, in general position with
respect to ΣN. If λN = 2, then since N contains no embedded negative turnovers, it follows
from Proposition 2.38 that |N| contains no weight-3 sphere in general position with respect
to ΣN, and hence wt(E)− wt(D) ≥ 2. This shows that Alternative (1) of the conclusion of
the lemma holds in this case.
For the rest of the proof, we will assume that Alternative (ii) of the hypothesis holds (so
that in particular every component of ω(T ) is incompressible in N). The strategy of the
proof under this assumption is to try to find a subsurface X ⊂ K satisfying the hypothesis
of Lemma 7.2, with K = ω(K); when such an annulus can be found, Alternative (2) or (3)
of the conclusion of the present lemma will be seen to hold. When the quest for such a
subsurface fails, Alternative (1) of the conclusion will turn out to hold.
Set U = ω(K)−S(ω(K)). According to the definition of kish(ω(K)) (see 4.3), U is the dis-
joint union of kish(ω(K)) with certain components of H(ω(K)). Since the latter components
have Euler characteristic 0, we have χ(U) = χ(kish(ω(K))). Hence Alternative (ii) of the
hypothesis gives
(8.2.1) χ(U) < min
(
1,
1
4
wt∗(T )
)
.
We claim:
8.2.2. If X is any component of U ∩ ω(∂K) such that wt |X| is odd, we have χ(X) ≥ 1/2.
To prove 8.2.2, set q = wt |X|, write ΣX = {z, . . . , zq}, and let ei denote the order of zi for
i = 1, . . . , q. Then by 2.33 we have χ(X) = χ(|X|) +∑qi=1(1− 1/ei) ≥ χ(|X|) + q/2. If |X| is
not a disk or a sphere, we have χ(|X|) ≥ 0, and q ≥ 1 since q is odd; hence χ(X) ≥ 1/2. If
|X| is a disk, we have q 6= 1 since ∂X ⊂ ∂F(ω(K)) is pi1-injective in ∂(ω(K)) by 4.3; since q
is odd we have q ≥ 3, and hence χ(X) ≥ −1 + 3/2 = 1/2. Now suppose that |X| is a sphere.
Since X ⊂ ∂ ω(K) = ∂N ∪ T , and the components of T are tori, X is a component of ∂N.
In this case, if q = 1 then X is a bad 2-orbifold; this is impossible since the strongly atoral
3-orbifold N is in particular very good (see 2.29). Hence q 6= 1. Next note that since N
is strongly atoral and boundary-irreducible, its boundary component X has negative Euler
characteristic by 2.30; hence if q = 3, then X is a negative turnover, a contradiction to the
hypothesis. Since q is odd we now have q ≥ 5, and hence χ(X) ≥ −2 + 5/2 = 1/2. Thus
8.2.2 is proved.
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Now we claim:
8.2.3. If Q is a union of components of ∂|U|, each of which has strictly positive genus, we
have
wt∗Q ≤ 4χ(U).
To prove 8.2.3, set n = wtQ, and write Q ∩ ΣN = {x1, . . . , xn}. Then x1, . . . , xn are the
singular points of the 2-orbifold ω(Q). Let pi denote the order of the singular point xi.
Observing that pi ≥ 2 for i = 1, . . . , n, and that χ(Q) ≥ 0 since each component of Q has
positive genus, and applying 2.33, we find that χ(ω(Q)) = χ(Q) +
∑n
i=1(1 − 1/pi) ≥ n/2.
Hence n ≤ 2χ(ω(Q)), i.e.
(8.2.4) wtQ ≤ 2χ(ω(Q)).
Since ω(Q) is a union of components of ∂U, and since every component of ∂U has non-
positive Euler characteristic by 4.3, it follows that wtQ ≤ 2χ(∂U). But since U is a compact
3-orbifold we have χ(∂U) = 2χ(U), and hence
(8.2.5) wtQ ≤ 4χ(U).
If λN = 1 or wtQ is even, the conclusion of 8.2.3 follows from (8.2.5) in view of the definition
of wt∗Q. There remains the case in which λN = 2 and wtQ is odd. In this case, write
∂|U| = Q Q′, where Q′ is a union of components of ∂|U|. We have wt(|∂U|) = wtQ+wtQ′.
Since λN = 2, each component of ΣN ∩ |U| is an arc or a simple closed curve. Hence wt ∂|U|
is equal to twice the number of arc components of ΣN ∩ |U|, and is therefore even. Since
wtQ is odd, it now follows that wtQ′ is odd. Each component of Q′ ∩ FrU is a component
of FrU = ω(A (ω(K)), and is therefore annular by 4.3; in particular, each component of
Q′ ∩ FrU has weight 0 or 2. Hence wt(Q′ ∩ ∂K) is odd. There therefore exists a component
X of ω(Q′ ∩ ∂K) such that wt |X| is odd. According to 8.2.2, we have χ(X) ≥ 1/2. But
by 4.3, ∂X ⊂ ∂F(ω(K)) is pi1-injective in ω(K) and hence in ω(Q′); since every component
of ∂U has non-positive Euler characteristic by 4.3, it follows that χ(ω(Q′)) ≥ χ(X) ≥ 1/2.
Combining this with (8.2.4), we find χ(∂U) = χ(ω(Q′)) + χ(ω(Q) ≥ (1 + wtQ)/2. Since
wt∗Q = 1 + wtQ in this case, it follows that wt∗Q ≤ 2χ(∂U) = 4χ(U), as required. This
completes the proof of 8.2.3.
Let X0 denote the union of all components of |S(ω(K))| ∩ T = |F(ω(K))| ∩ T (see 4.3) that
are not contained in disks in T . Let X ⊂ T denote the union of X0 with all disks in T whose
boundaries are contained in ∂X0. Since the components of T are tori, each component of
X is either an annulus or a component of T . Furthermore, no annulus component of X is
contained in a disk in T ; that is, the annulus component of X are homotopically non-trivial
in the torus components of T containing them. Hence each component of Y := T − X is also
either a homotopically non-trivial annulus in T or a component of T . Since the components
of T are incompressible in N , it now follows that the submanifolds X and Y are pi1-injective
in N .
It follows from the definition of Y that every component of (intY)∩|S(ω(K)| is contained in
a disk in intY . Hence (intY)∩|S(ω(K)| is contained in a (possibly empty) disjoint union of
VOLUME AND HOMOLOGY FOR HYPERBOLIC 3-ORBIFOLDS, I 79
disks E1, . . . , Em ⊂ intY , where ∂Ei ⊂ |S(ω(K)| whenever 1 ≤ i ≤ m. The definitions also
imply that Y0 := Y − (E1 ∪ · · · ∪ Em) is a union of components of T ∩ |U|. Hence ω(Y0) is
a union of components of ω(T )∩U, which are in particular components of U∩∂ ω(K). Since
each component of U ∩ ∂ ω(K) has non-positive Euler characteristic by 4.3, it follows that
(8.2.6) χ(ω(T ) ∩ U)) ≥ χ(ω(Y0)).
On the other hand, since each component of Y is an annulus or a torus, we have χ(Y0) = m.
By 2.33 it follows that
(8.2.7) χ(ω(Y0)) ≥ m.
Now by 4.3 we have χ(U) = χ(U∩ω(∂K))/2 = (χ(U∩ω(T )) +χ(U∩ ∂N))/2. Since U∩ ∂N
is a union of components of ∂ ω(K)− F(ω(K)), it follows from 4.3 that χ(U ∩ ∂N) ≥ 0,
and hence χ(U) ≥ χ(ω(T ) ∩ U)/2. With (8.2.6) and (8.2.7) this gives χ(U) ≥ m/2. Since
χ(U) < 1 by (8.2.1), it follows that m < 2. Hence
(8.2.8) m ≤ 1.
Next we claim:
8.2.9. If a component F of |∂U| contains a component of Y0, then F is a torus.
To prove 8.2.9, let Y0 be a component of Y0 contained in F , and let Y and T respectively
denote the components of Y and T containing Y0. Since Y is a component of Y , either Y
is an annulus which is homotopically non-trivial in N , or Y = T . If Y = T then Y0 is a
genus-1 subsurface of F . If Y is a homotopically non-trivial annulus, then the components
of ∂Y ⊂ Y0 ⊂ F are homotopically non-trivial simple closed curves in N . Thus in any event,
F contains either a genus-1 subsurface or a simple closed curve which is homotopically non-
trivial in N . Hence F cannot be a sphere.
If F has genus at least two, then χ(F ) ≥ 2. By 2.33, it follows that χ(ω(F )) ≥ 2. Since every
component of ∂U has non-positive Euler characteristic by 4.3, we have χ(∂U) ≥ χ(ω(F )) ≥ 2,
and hence χ(U) = χ(∂U)/2 ≥ 1. This a contradiction, since χ(U) < 1 by (8.2.1). Thus 8.2.9
is proved.
Now we claim:
8.2.10. If wt∗ Y > 4χ(U), then Alternative (1) of the conclusion of the lemma holds.
To prove 8.2.10, let Q0 denote the union of all components of |∂U| that contain components of
Y0. According to 8.2.9, each component of Q0 is a torus. Since in particular every component
of Q0 has strictly positive genus, it follows from 8.2.3 that
(8.2.11) wt∗Q0 ≤ 4χ(U).
On the other hand, since Y0 ⊂ Q0, we have wtY0 ≤ wtQ0, which by 8.1 implies wt∗ Y0 ≤
wt∗Q0. With (8.2.11), this implies wt∗ Y0 ≤ 4χ(U). Now if m = 0, we have Y = Y0, and
hence wt∗ Y ≤ 4χ(U). Thus 8.2.10 is vacuously true when m = 0. In view of (8.2.8), it
remains only to consider the subcase m = 1.
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In this subcase set E = E1, so that Y0 = Y − E. Let us index the components of Y
as Y 0, . . . , Y r, where r ≥ 0 and E ⊂ Y 0. Then Y 00 := Y 0 − E is a component of Y0. In
particular we have Y 00 ⊂ T ∩|U| ⊂ ∂|U|. Let T denote the (torus) component of T containing
Y 0. Let F denote the component of Q0 containing Y
0
0 . Then F is a torus by 8.2.9.
Let ∆ denote the component of F − Y 00 containing α := ∂E ⊂ ∂Y 00 . If Y 0 = T , then Y 00 is a
genus-1 surface with one boundary component, and hence ∆ is a disk. If Y 0 is an annulus,
then Y 00 is a connected planar surface with three boundary components; two of these, the
components of ∂Y 0, are homotopically non-trivial in N and hence in the torus F . It follows
that α, the third boundary component of Y 00 , is homotopically trivial in F . Thus in any
event, ∆ is a disk.
Set Z = Y 00 ∪ ∆. Then the surfaces Z, Y 1, . . . , Y r are contained in Q0. The surfaces
Y 1, . . . , Y r are pairwise disjoint because they are distinct components of Y . If 1 ≤ i ≤ r, we
have Y 0 ∩ Y i = ∅ and hence Z ∩ Y i ⊂ ∆ ⊂ intZ. Since Y i is connected, and Q0 is a closed
2-manifold, we must have either Y i ⊂ ∆ or Z ∩ Y i = ∅. But since Y i is a homotopically
non-trivial annulus or an incompressible torus in N , it cannot be contained in the disk ∆.
This shows that the surfaces Z, Y 1, . . . , Y r are pairwise disjoint. Hence
(8.2.12) wtZ +
r∑
i=1
wtY i ≤ wtQ0.
On the other hand, (8.2.11) and the hypothesis of Claim 8.2.10 give wt∗Q0 ≤ 4χ(U) < wt∗ Y ,
which by 8.1 implies wtQ0 < wtY . Since wtY =
∑r
i=0 wtY
i, it follows that
(8.2.13) wtQ0 <
r∑
i=0
wtY i.
From (8.2.12) and (8.2.13) it follows that wtZ < wtY 0, which may be rewritten as wtY 00 +
wt ∆ < wtY 00 + wtE. Hence
(8.2.14) wt ∆ < wtE.
Since the disk ∆ is contained in K and its boundary β lies in ∂K, we may modify ∆ by
a small isotopy, constant on β, to obtain a disk D which is properly embedded in K. In
particular we have D∩T = β. We may choose the isotopy in such a way that D is in general
position with respect to ΣN and wtD = wt ∆. With (8.2.14), this gives wtD < wtE. Now
suppose that λN = 2 and that max(wt(E)−wt(D),wtD) < 2. Since wtD < wtE, we have
either wtE = 2 and wtD = 1, or wtE = 1 and wtD = 0; hence D ∪ E is a 2-sphere of
weight 1 or 3 in |N|. If the sphere D ∪E has weight 1 then ω(D ∪E) is a bad 2-suborbifold
of N; this is impossible since the strongly atoral 3-orbifold N is in particular very good (see
2.29). If λN = 2, then since N contains no embedded negative turnovers, it follows from
Proposition 2.38 that |N| contains no weight-3 sphere in general position with respect to
ΣN. This contradiction shows that if λN = 2 then max(wt(E) − wt(D),wtD) ≥ 2. Thus
Alternative (1) of the conclusion of the lemma holds in this situation, and Claim 8.2.10 is
established.
Next we claim:
VOLUME AND HOMOLOGY FOR HYPERBOLIC 3-ORBIFOLDS, I 81
8.2.15. Either X ∩ ΣN 6= ∅, or Alternative (1) of the conclusion of the lemma holds.
To prove 8.2.15, assume that Alternative (1) of the conclusion of the lemma does not hold.
Then by 8.2.10, we have
(8.2.16) wt∗ Y ≤ 4χ(U).
Note that
(8.2.17) wtX + wtY = wt T .
If we assume that wtX = 0, then it follows from (8.2.17) that wtY = wt T , which with
8.1 implies that wt∗ Y = wt∗ T . Combined with (8.2.16) this gives wt∗ T ≤ 4χ(U), which
contradicts (8.2.1). Hence we must have wtX > 0, i.e. X ∩ ΣN 6= ∅, and 8.2.15 is proved.
In view of 8.2.15, we will assume for the remainder of the proof that X ∩ ΣN 6= ∅. Let us
fix a component X of X such that X ∩ ΣN 6= ∅. The definitions of X0 and X imply that
X contains a unique component X0 of X0, and that there are disjoint disks G1, . . . , Gn in
intX0 such that X0 = X − (G1 ∪ · · · ∪Gn). The definition of X0 also implies that X0 is a
component of |F(ω(K))|. As we have seen that X is pi1-injective in N , in particular X is
pi1-injective in K. Since X ⊂ K, we have X ∩ Σω(K) = X ∩ ΣN 6= ∅. Note also that K
is boundary-irreducible and +-irreducible, since N is +-irreducible, ∂N consists of sphere
components, and the components of T = ∂K+ are incompressible in N . We have seen that
each component of X is either a (torus) component of T or an annulus; in particular, we
have χ(X) = 0. Furthermore, by hypothesis, K+ is not homeomorphic to T 2 × [0, 1] or to
a twisted I-bundle over a Klein bottle. Thus all the hypotheses of Lemma 7.2 hold with
K = ω(K). Hence by Lemma 7.2, X is an annulus, and there is a pi1-injective solid torus
J ⊂ K+, with ∂J ⊂ K ⊂ K+, such that one of the following alternatives holds:
• We have (∂J) ∩ (∂K) = X X ′ for some annulus X ′ ⊂ ∂K+; furthermore, each of
the annuli X and X ′ has winding number 1 in J and has non-empty intersection with
ΣK, and (∂J) ∩ ΣK ⊂ intX ∪ intX ′.
• We have (∂J)∩ (∂K) = X; furthermore, X has winding number 1 or 2 in J , and we
have wt(∂J) ≥ λK and (∂J) ∩ ΣK ⊂ intX.
Note also that since K is a suborbifold of N, and J ⊂ K, we have (∂J) ∩ ΣN = (∂J) ∩ ΣK.
Hence the two alternatives above imply respectively that (∂J)∩ΣN ⊂ intX∪ intX ′ and that
(∂J) ∩ ΣN ⊂ intX. Likewise, since K is a suborbifold of N, it follows from the definitions
that λK ≥ λN, so that when the second alternative stated above holds, we have wt(∂J) ≥ λN.
Finally, since the components of T are incompressible in N , the submanifold K+ of N+ is
pi1-injective, and hence the pi1-injectivity of J in K
+ implies that it is pi1-injective in N
+.
Thus one of the alternatives (2), (3) of the conclusion holds. 
Lemma 8.3. Let N be a compact, orientable, strongly atoral, boundary-irreducible 3-orbifold
containing no embedded negative turnovers. Set N = |N|. Suppose that each component of
∂N is a sphere, and that N is +-irreducible. Let K be a non-empty, proper, compact, con-
nected, 3-dimensional submanifold of N , and set T = FrN K. Assume that T is contained
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in N and is in general position with respect to ΣN, and that its components are all incom-
pressible tori in N (so that K+, which by 2.11 is naturally identified with a submanifold of
N+, is irreducible and boundary-irreducible), and that either (a) K+ is acylindrical, or (b)
N −K is connected and h(K) ≥ 3. Suppose in addition that either (i) some component of
ω(T ) is compressible in N, or (ii) each component of ω(T ) is incompressible in N (so that
ω(K) is boundary-irreducible and strongly atoral by Lemma 2.41, and hence kish(ω(K)) is
defined in view of 4.3) and χ(kish(ω(K))) < λN/4, or (ii
′) wt∗N T ≥ 4, each component of
ω(T ) is incompressible in N, and χ(kish(ω(K))) < 1. Then there is a compact, connected
3-manifold K1 ⊂ N having the following properties:
• every component of T1 := FrN K1 is an incompressible torus in intN , in general
position with respect to ΣN;
• wtN(T1) < wtN T ; and if λN = 2, then max(wtN(T )− wtN(T1),wtN(T1)) ≥ 2;
• h(K1) ≥ h(K)/2; and
• h(N −K1) ≥ h(N −K).
In particular, K1 is a proper, non-empty submanifold of N .
Furthermore, if (a) holds, K1 may be chosen so that K
+
1 and K
+ (which by 2.11 are identified
with submanifolds of N+) are isotopic in N+; and if (b) holds, K1 may be chosen so that
N −K1 is connected.
Proof of Lemma 8.3. We set P = K+. As was observed in the statement of the lemma,
since T is closed and has no sphere components, it follows from 2.11 that we may identify
P with a submanifold of N+. It was also observed in the statement of the lemma that the
+-irreducibility of P , the incompressibility of the components of T and the hypothesis that
N has only sphere components, imply that P is irreducible and boundary-irreducible. (This
implication, which is standard in 3-manifold theory, is also included in the manifold case of
Lemma 2.41.)
Note that the hypotheses imply that K has at least one frontier component, or equivalently
that it has at least one torus boundary component. In particular, h(K) and h(N −K) are
both strictly positive. Hence if K1 is a submanifold with the first four properties listed, we
have h(K1) ≥ h(K)/2 > 0 and h(N − K1) ≥ h(N − K) > 0, and therefore K1 6= ∅ and
N −K1 6= ∅. Thus the first four properties listed do imply that K1 is a non-empty, proper
submanifold of N , as asserted.
We will now turn to the proof that there is a submanifold K1 with the stated properties.
Since K is a non-empty, proper submanifold of N , we have T 6= ∅. If wt T = 0 then the
components of ω(T ) are incompressible toric suborbifolds of the 3-orbifold N, a contradiction
since N is strongly atoral (see 2.29). Hence wt T > 0, which by the definition of wt∗ T
implies wt∗ T > 0. Since wt∗ T is divisible by λN according to 8.1, we have wt∗ T ≥
λN. It follows that if Alternative (ii) of the hypothesis holds, i.e. if each component of
ω(T ) is incompressible in N and χ(kish(ω(K))) < λN/4 ≤ 1/2, then χ(kish(ω(K))) <
min(1,wt∗(T )/4); this is Alternative (ii) of the hypothesis of Lemma 8.2. Likewise, it is
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immediate that if Alternative (ii′) of the hypothesis of the present lemma holds, i.e. if
each component of ω(T ) is incompressible in N and if wt∗ T ≥ 4 and χ(kish(ω(K))) < 1,
then χ(kish(ω(K))) < min(1,wt∗(T )/4). Thus either of the Alternatives (ii) or (ii′) of the
hypothesis of the present lemma implies Alternative (ii) of the hypothesis of Lemma 8.2.
Alternative (i) of the hypothesis of the present lemma is identical to Alternative (i) of the
hypothesis of Lemma 8.2. Note also that if K+ were homeomorphic to T 2 × [0, 1] or to a
twisted I-bundle over a Klein bottle, then K+ would fail to be acylindrical, and we would
have h(K) = h(K+) = 2, so that neither of the alternatives (a) or (b) of the hypothesis of
the present lemma would hold; thus K+ is not homeomorphic to either of these manifolds.
Hence the hypotheses of the present lemma imply those of Lemma 8.2, so that under these
hypotheses one of the alternatives (1)—(3) of the conclusion of Lemma 8.2 must hold.
Consider the case in which Alternative (1) of the conclusion of Lemma 8.2 holds: that is,
there is a disk D ⊂ N with ∂D = D ∩ T , such that D is in general position with respect
to ΣN and there is a disk E ⊂ T such that ∂E = ∂D and wtE > wtD. Furthermore, if
λN = 2, we may suppose D and E to be chosen so that max(wt(E)− wt(D),wtD) ≥ 2.
Since N is +-irreducible, the sphere D ∪ E bounds a ball in N+, and hence the surface
(T − E) ∪ D is isotopic to T in N+, by an isotopy that is constant on T − E. Hence
T1 := (T − E) ∪D ⊂ intN bounds a submanifold P1 of N+ which is isotopic to P in N+,
by an isotopy that is constant on T − E. Set K1 = P1∩N ; since ∂P1 = T1 ⊂ intN , we have
K+1 = P1.
We have wt(T ) − wt(T1) = wt(E) − wt(D). Since D is in general position with respect to
ΣN and wtE > wtD, the surface T1 = FrN K1 is in general position with respect to ΣN, and
wt T1 < wt T . Furthermore, if λN = 2, then max(wt(T ) − wt(T1),wt(T1)) ≥ max(wt(E) −
wt(D),wtD) ≥ 2. Since P1 is isotopic to P , the components of FrN K1 = FrN+ P1 are
incompressible tori. The existence of an isotopy between P and P1 also implies that h(K1) =
h(P1) = h(P ) = h(K) ≥ h(K)/2 and that h(N−K1) = h(N+−P1) = h(N−P ) = h(N−K).
To verify the last sentence of the lemma in this case, note that K+1 = P1 and K
+ = P are
isotopic regardless of whether (a) or (b) holds; and that the existence of an isotopy between
P1 and P implies that N −K1 = N+ − P1 is homeomorphic to N −K = N+ − P , so that if
(b) holds then N −K1 is connected. Thus the proof of the lemma is complete in this case.
Now consider the case in which Alternative (2) of the conclusion of Lemma 8.2 holds: that
is, there is a solid torus J ⊂ P , pi1-injective in N+, with ∂J ⊂ K ∩ intN ⊂ K ⊂ P , such
that (∂J) ∩ (∂K) is a union of two disjoint annuli X and X ′ contained in T , each having
winding number 1 in J , and we have
(8.3.1) X ∩ ΣN 6= ∅ and X ′ ∩ ΣN 6= ∅,
and (∂J)∩ΣN ⊂ intX ∪ intX ′. Note that the set FrP J = (∂J)− (X ∪X ′) is also a disjoint
union of two annuli, A1 and A2, which also have winding number 1 in T , and are properly
embedded in P . Since (∂J) ∩ ΣN ⊂ intX ∪ intX ′, we have
(8.3.2) Ai ∩ ΣN = ∅ for i = 1, 2.
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Note also that since the annuli X, X ′, and A1 and A2 have winding number 1 on the solid
torus J , which is pi1-injective in N
+, they are themselves pi1-injective in N
+.
Set P0 = P − J . Then P0 is a compact, possibly disconnected, 3-dimensional submanifold of
P ⊂ N . Since ∂J ⊂ intN , every component of K ∩ ∂N is a sphere contained in either int J
or intP0. Thus if we set K0 = P0 ∩N , each component of P0 is obtained from a component
of K0 by attaching balls along certain spheres in the boundary. Set T0 = FrN K0 = FrN+ P0.
We have T0 = (T − (X ∪X ′)) ∪ (A1 ∪ A2), so that (8.3.1) and (8.3.2) imply
(8.3.3) wt T0 ≤ (wt T )− 2.
The manifold K1 whose existence is asserted by the lemma will be constructed as a suitable
component of K0. Before choosing a suitable component, we will prove a number of facts
about P0 and its components that will be useful in establishing the properties of K1.
Since P = P0 ∪ J , and since P0 ∩ J = FrP J is the union of the disjoint annuli A1 and A2,
each of which has winding number 1 in the solid torus J , we have
(8.3.4) h(P ) ≤ h(P0) + 1.
The following property of P0 will also be needed:
8.3.5. Every component of FrN+ P0 is a (possibly compressible) torus in intN , in general
position with respect to ΣN.
To prove 8.3.5, we need only note that since the annuliX andX ′ are pi1-injective in the (torus)
components of T containing them, the components of T − (X ∪X ′) are tori and annuli. As
the closed, orientable 2-manifold FrN+ P0 is obtained from the disjoint union of T − (X ∪X ′)
with A1 and A2 by gluing certain boundary components in pairs, its components have Euler
characteristic 0. Since T is by hypothesis in general position with respect to ΣN, it follows
from 8.3.2 that FrN+ P0 is in general position with respect to ΣN. This establishes 8.3.5.
We will also need:
8.3.6. Let L be any component of P0. Then:
• L is pi1-injective in N+;
• every component of FrN+ L is a torus in intN , in general position with respect to ΣN;
• wt(FrN+ L) ≤ wt(T )− 2; and
• if L is not a solid torus then every component of FrN+ L is incompressible in N+.
To prove the first assertion of 8.3.6, note that the frontier of L in P consists of one or both
of the pi1-injective annuli A1, A2. Hence L is itself pi1-injective in P . On the other hand,
since the components of FrN+ P = T are incompressible tori, P is in turn pi1-injective in N+.
Hence L is pi1-injective in N
+.
Next note that every component of FrN+ L is a component of FrN+ P0; hence the assertion
that every component of FrN+ L is a torus in intN
+, in general position with respect to ΣN,
is an immediate consequence of 8.3.5.
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Since FrN+ L ⊂ FrN+ P0 = T0, the inequality wt(FrN+ L) ≤ wt(T ) − 2 is an immediate
consequence of (8.3.3).
Since N+ is irreducible, and since we have seen that L is pi1-injective in N
+ and that every
component of FrN+ L is a torus, the fourth assertion of 8.3.6 follows from Proposition 2.14,
applied with M = N+, and with L defined as above. Thus 8.3.6 is proved.
The rest of the proof of the lemma in this case is divided into subcases. Consider the
subcase in which Alternative (a) of the hypothesis holds. Since P is acylindrical in this
subcase, the mutually parallel annuli A1 and A2 cannot be essential in P . Since these
annuli are pi1-injective in N
+, they are in particular pi1-injective in P ; they must therefore
be boundary-parallel in P . It follows that some component of P0 is isotopic to P in N
+.
We fix such a component of P0 and denote it by P1. We set K1 = P1 ∩ N . It follows from
8.3.6, taking L = P1, that wt(FrN K1) = wt(FrN+ P1) ≤ wt(T ) − 2. Since P1 is isotopic to
P , the components of FrN K1 = FrN+ P1 are incompressible tori. The existence of an isotopy
between P and P1 also implies that h(K1) = h(P1) = h(P ) = h(K) ≥ h(K)/2 and that
h(N − K1) = h(N+ − P1) = h(N − P ) = h(N − K). Thus the conclusions of the lemma
(including the last sentence, which in this subcase asserts that P = K+ and P1 = K
+
1 are
isotopic) hold with this choice of K1.
Next consider the subcase in which Alternative (b) of the hypothesis holds and K0 is con-
nected. In this subcase we take K1 = K0. According to (8.3.4) we have h(K1) = h(P0) ≥
h(P ) − 1 = h(K) − 1; since Alternative (b) of the hypothesis gives h(K) ≥ 3, it follows
that h(K1) ≥ h(K)/2, as asserted in the conclusion of the lemma. It also follows that
h(K1) ≥ 2, so that K+1 is not a solid torus. Hence by 8.3.6, the components of FrN+ K1 are
incompressible in N+.
It follows from 8.3.6 that wt(FrN+ K1) ≤ wt(T ) − 2. This in turn trivially implies that
T1 := FrN K1 has weight strictly less than wt T , and that max(wt(T )−wtN(T1),wtN(T1)) ≥
wt(T ) − wtN(T1) ≥ 2, regardless of whether λN is 1 or 2; in particular, the second bullet
point of the conclusion of the lemma holds in this subcase.
Since Alternative (b) holds, the manifold N−K is connected, and hence so is N+−P . Since
N+ − P0 = N+ − P ∪ J , and since N+ − P ∩ J is the union of the disjoint annuli X and
X ′, each of which has winding number 1 in the solid torus J , the manifold N+ − P0 is also
connected, and h(N+−P0) ≥ h(N+−P ). This means that N−K1 is connected, as required
by the last sentence of the lemma when (b) holds. and that h(N −K1) ≥ h(N −K). Thus
all the conclusions of the lemma are established in this subcase.
The remaining subcase of this case is the one in which Alternative (b) of the hypothesis
holds and K0 is disconnected. In this subcase, K0 has two components since FrP J has
two components A1 and A2. For i = 1, 2, let Ki denote the component of K0 containing
Ai. After re-indexing if necessary we may assume that h(K1) ≥ h(K2). In this subcase,
P0 has two components, and they may be indexed as P1 and P2, where Pi is the union
of Ki with certain (3-ball) components of N+ −N . Since the Ai have winding number 1
in J , the manifold P is homeomorphic to the union of P1 and P2 glued along an annulus.
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Hence h(K) = h(P ) ≤ h(P1) + h(P2) = h(K1) + h(K2) ≤ 2h(K1), i.e. h(K1) ≥ h(K)/2,
as asserted in the conclusion of the lemma. Since Alternative (b) of the hypothesis gives
h(K) ≥ 3, it follows that h(K1) ≥ 2, so that K+1 is not a solid torus. Hence by 8.3.6, the
components of T1 := FrN K1 = ∂K1 are incompressible in N+. It also follows from 8.3.6 that
wt FrK1 = wt(FrN+ P1) ≤ wt(T )− 2.
To establish the conclusions of the lemma in this subcase, it remains to prove that N −K1
is connected and that h(N −K1) ≥ h(N −K). Since Alternative (b) holds, the manifold
N −K is connected, and hence so is N+ − P . We have N+ − P0 = N+ − P ∪ J , where J is
connected, and N+ − P ∩ J = X ∪X ′ 6= ∅; hence N+ − P0 is connected, and therefore so is
N −K0. Next note that N −K1 = N −K0∪K2, where K2 is connected, and has non-empty
intersection with N −K0 because it is a component of K0. Hence N −K1 is connected, as
required by the last sentence of the lemma when (b) holds.
To estimate h(N −K1), first note that each component of P0 = P − J contains a component
of T − (X ∪X ′). Since P0 = P − J is disconnected in this subcase, T − (X ∪X ′) is also
disconnected. But each of the annuli X, X ′ is pi1-injective in N+, and therefore is non-
separating in the (torus) component of T containing it. Hence X and X ′ must lie on the
same component of T . As disjoint, homotopically non-trivial annuli on a torus, X and X ′
are homotopic in T and hence in N+ − P . We have written N+ − P0 as the union of N+ − P
with the solid torus J , and the intersection of N+ − P with J consists of the two annuli X
and X ′, which have winding number 1 in J . As these annuli are homotopic in N+ − P , we
have h(N+ − P0) = h(N+ − P ) + 1. On the other hand, we have N+ − P1 = N+ − P0 ∪ P2,
and the components of N+ − P0 ∩ P2 are components of FrN+ P2 and are therefore tori by
8.3.6. Applying Lemma 6.6, taking U = N+ − P0 (which has been seen to be connected) and
V = P2, we deduce that h(N+ − P1) ≥ h(N+ − P0) − 1. Hence h(N+ − P1) ≥ h(N+ − P ),
or equivalently h(N −K1) ≥ h(N −K). Thus the conclusions of the lemma are established
in this subcase.
Finally, consider the case in which Alternative (3) of the conclusion of Lemma 8.2 holds:
that is, there is a solid torus J ⊂ P , pi1-injective in N+, with ∂J ⊂ K ∩ intN ⊂ K ⊂ P ,
such that (∂J) ∩ (∂K) is an annulus X ⊂ T , having winding number 1 or 2 in J , and we
have wt(∂J) ≥ λN and (∂J) ∩ ΣN ⊂ intX.
In this case, A := (∂J)−X is a properly embedded, pi1-injective annulus in P , also having
winding number 1 or 2 in J . If Alternative (a) of the hypothesis holds, then A must be
boundary-parallel in P ; that is, some component Z of P − A must be a solid torus in
which A has winding number 1. Thus P − Z is isotopic to P . If Z = P − J , then P is
homeomorphic to J and is therefore a solid torus, a contradiction to the incompressibility
of T . Hence we must have Z = J , so that P is isotopic to P − J . In this subcase, we
set K1 = (P − J) ∩ N . Setting T1 = FrK1 = ∂(P − J), we have T1 = (T − X) ∪ A, so
that wt T1 = wt T − wtX + wtA. Since wt(∂J) ≥ λN and (∂J) ∩ ΣN ⊂ intX, we have
wtX ≥ λN and wtA = 0. Hence wt T1 ≤ wt T − λN; in particular, wt T1 < wt T , and if
λN = 2 then max(wtN(T )−wtN(T1),wtN(T1)) ≥ wtN(T )−wtN(T1) ≥ λN = 2. The existence
of an isotopy between P and P1 also implies that h(K1) = h(P1) = h(P ) = h(K) ≥ h(K)/2
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and that h(N −K1) = h(N+ − P1) = h(N − P ) = h(N −K). Thus the conclusions of the
lemma (including the last sentence, which in this subcase asserts that P = K+ and P1 = K
+
1
are isotopic) hold with this choice of K1.
There remains the subcase in which Alternative (b) holds, i.e. N −K is connected and
h(K) ≥ 3. In this subcase we will set P1 = P − J and K1 = P1 ∩N . Then P1 is connected
since P and A = FrP J are connected; hence K1 is connected. Since P1 ∪ J = P , and since
P1∩J = A is connected, we have h(P ) ≤ h(P1)+h(J) = h(P1)+1, so that h(K1) = h(P1) ≥
h(P )− 1 = h(K)− 1. Since h(K) ≥ 3 it follows that h(K1) ≥ 2.
Note that P is pi1-injective in N
+ since its frontier components are incompressible, and that
P1 is pi1-injective in P since its frontier A is pi1-injective. Hence P1 is pi1-injective in N
+, i.e.
K1 is pi1-injective in N . Since T1 = FrN K1 = FrN+ P1 = T −X ∪ A, the surfaces T and
T1 are homeomorphic; in particular, the components of T1 are tori. Since h(P1) ≥ 2, the
manifold P1 is not a solid torus. It therefore follows from Lemma 2.14, applied with
+ and
P1 playing the respective roles of M and L, that the components of T1 are incompressible
in N+, and hence in N . This proves the first property of K1 asserted in the conclusion
of the present lemma. Next note that since wt(∂J) ≥ λN and (∂J) ∩ ΣN ⊂ X, we have
wtX ≥ λN and wtA = 0. Hence wt T1 ≤ wt(T ) − λN = wt(T ) − λN, which implies that
wt T1 < wt T , and that max(wt(T ) − wt(T1),wt(T1)) ≥ wt(T ) − wt(T1) ≥ 2 if λN = 2.
The inequality h(K1) ≥ h(K)/2 holds because h(K1) ≥ h(K) − 1 and h(K) ≥ 3. Since
N − K is connected by Alternative (b), N+ − P is connected. Since, in addition, J is a
solid torus and N+ − P ∩ J = X is an annulus, the manifold N+ − P1 = N+ − P ∪ J is
connected, so that N −K1 is connected, as required by the last sentence of the lemma when
(b) holds; and h(N+ − P1) is equal either to h(N+ − P ) or to h(N+ − P ) + 1. In particular,
h(N −K1) = h(N+ − P1) ≥ h(N+ − P ) = h(N+ −K).Thus all the conclusions are seen to
hold in this final subcase. 
Lemma 8.4. Let m ≥ 2 be an integer. Let N be a strongly atoral, boundary-irreducible,
orientable 3-orbifold containing no embedded negative turnovers. Set N = |N|. Suppose
that each component of ∂N is a sphere, that N+ is a graph manifold, and that h(N) ≥
max(4m− 4,m2 −m+ 1). Then there is a compact submanifold K of N such that
• each component of FrN K is an incompressible torus in intN , in general position with
respect to ΣN,
• K and N −K are connected,
• min(h(K), h(N −K)) ≥ m,
• each component of ω(FrN K) is incompressible in N (so that ω(K) is boundary-
irreducible and strongly atoral by Lemma 2.41, and hence kish(ω(K)) is defined in
view of 4.3), and
• either
(A) χ(kish(ω(K))) ≥ 1, or
(B) χ(kish(ω(K))) ≥ λN/4 and wt∗(FrN K) < 4.
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Proof. Set M = N+. Since h(M) = h(N) ≥ max(4,m2 −m + 1), the hypothesis of Lemma
6.7 holds. Hence there is a compact submanifold P of M such that (I) each component
of FrM P is an incompressible torus in M , (II) P and M − P are connected, and (III)
min(h(P ), h(M − P )) ≥ m. In particular, (III) implies that P is a proper, non-empty
submanifold of M , so that FrM P 6= ∅. After an isotopy we may assume that (IV) FrM P
is contained in intN and is in general position with respect to ΣN. Among all compact
submanifolds of M satisfying (I)—(IV), let us choose P so as to minimize the quantity
wt(FrM P ).
Set K = P ∩N , so that P = K+ ⊂ N+ = M . Set T = FrM P = FrN K. Then it follows from
(I)—(IV) that each component of T is an incompressible torus in intN , in general position
with respect to ΣN; that K and N −K are connected; and that min(h(K), h(N −K)) ≥ m.
In view of Condition (II), the hypotheses of Lemma 6.5 hold with Y = M and with T
defined as above. Hence h(M) ≤ h(P ) + h(M − P ) − 1. Since h(M) ≥ 4m − 4, we have
h(P ) + h(M − P ) ≥ 4m − 3, so that at least one of the integers h(P ) and h(M − P ) is at
least 2m − 1. Since Conditions (I)—(IV), and the value of wt T , are unaffected when P is
replaced by M − P , we may assume P to have been chosen so that h(P ) ≥ 2m− 1. We will
show that with this choice of P , each component of ω(T ) is incompressible in N, and one
of the Alternatives (A) or (B) of the statement holds. This will imply the conclusion of the
lemma.
This step is an application of Lemma 8.3. According to the hypotheses of the present lemma,
N is a compact, orientable, strongly atoral 3-orbifold containing no embedded negative
turnovers, and each boundary component of ∂N is a sphere. Since M = N+ is a graph
manifold, it is by definition irreducible, so that N is +-irreducible. We have seen that K ⊂ N
is a compact, connected 3-manifold, that the components of FrN K are all incompressible
tori in intN , in general position with respect to ΣN, that N −K is connected, and that
h(K) ≥ 2m − 1; since m ≥ 2, we have in particular that h(K) ≥ 3. This gives Alternative
(b) of the hypothesis of Lemma 8.3.
Now assume, with the aim of obtaining a contradiction, that either some component of ω(T )
is compressible in N, or that the components of ω(T ) are incompressible in N but that both
the Alternatives (A) or (B) of the conclusion of the present lemma are false. If ω(T ) has a
compressible component in N then Alternative (i) of Lemma 8.3 holds. If the components
of ω(T ) are incompressible in N, but (A) and (B) are both false, then χ(kish(ω(K))) < 1,
and either χ(kish(ω(K))) < λN/4 or wt
∗ T ≥ 4. If χ(kish(ω(K))) < λN/4 then Alternative
(ii) of Lemma 8.3 holds. If χ(kish(ω(K))) < 1 and wt∗ T ≥ 4, then then Alternative (ii′) of
Lemma 8.3 holds. Thus in any event, our assumption implies that one of the alternatives
(i), (ii) or (ii′) of Lemma 8.3 holds, and hence that there is a compact, connected 3-manifold
K1 ⊂ N having the properties stated in the conclusion of that lemma. According to the last
sentence of Lemma 8.3, since Alternative (b) holds, we may choose K1 so that N −K1 is
connected.
The conclusion of Lemma 8.3 gives h(K1) ≥ h(K)/2. Since h(K) ≥ 2m − 1 it follows that
h(K1) ≥ m. The conclusion of Lemma 8.3 also gives h(N − K1) ≥ h(N − K). Now since
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K satisfies Condition (III) above, we have h(N − K) ≥ m; hence h(N − K1) ≥ m. Thus
Condition (III) holds when P is replaced by P1 := K
+
1 . It is immediate from the conclusion
of Lemma 8.3 (including the connectedness of N −K1) that Conditions (I), (II) and (IV)
above also hold when P is replaced by P1. But since Lemma 8.3 also gives wt(FrM P1) =
wt(FrN K1) < wt T , this contradicts the minimality of wt T . 
Proposition 8.5. Let N be a compact, orientable, strongly atoral, boundary-irreducible 3-
orbifold containing no embedded negative turnovers. Set N = |N|. Suppose that N is +-
irreducible, and that each component of ∂N is a sphere, so that N+ is closed. Then:
(1) if N+ contains an incompressible torus and h(N) ≥ 4, we have δ(N) ≥ 3λN (see
5.3); and
(2) if N+ is a graph manifold, and if h(N) ≥ 8 and λN = 2, we have δ(N) ≥ 12.
Proof. To prove Assertion (1), suppose, in addition to the general hypotheses of the propo-
sition, that h(N) ≥ 4 and that N+ contains an incompressible torus. We claim:
8.5.1. There is a compact, connected submanifold K of N , whose boundary components are
incompressible tori in general position with respect to ΣN, such that every component of
ω(FrN K) is incompressible in N, and χ(kish(ω(K))) ≥ λN/4.
We will first prove 8.5.1 in the case whereN+ is a graph manifold. In this case, the hypotheses
of Lemma 8.4 hold with m = 2. Hence there is a compact submanifold K of N such
that the conclusions of Lemma 8.4 hold (with m = 2). In particular, FrN K is in general
position with respect to ΣN, and the components of ω(FrN K) are incompressible in N.
Since one of the alternatives (A) or (B) of Lemma 8.4 holds (and since λN ∈ {1, 2}), we have
χ(kish(ω(K))) ≥ λN/4, and the proof of (8.5.1) is complete in this case.
To prove (8.5.1) in the case where N+ is not a graph manifold, we note that since N+
contains an incompressible torus and is irreducible, it is a Haken manifold. We let Σ denote
the characteristic submanifold of N+ in the sense of [30] (cf. 4.7), and we note that in this
case, according to the definition of a graph manifold, there is a component L of N+ − Σ
which is not homeomorpic to T 2 × [0, 1]. Since ∂L ⊂ ∂Σ, each component of ∂L is an
incompressible torus in N+.
If L admits a Seifert fibration, it follows from the definition of the characteristic submanifold
[30, p. 138] that the inclusion map L → N+ is homotopic to a map of L into Σ. Since ∂L
is incompressible, it follows that the identity map of L is homotopic in L to a map of L into
∂L. This implies by [45, Lemma 5.1] that L is homeomorphic to T 2× [0, 1], a contradiction.
Hence L does not admit a Seifert fibration.
If V is an incompressible torus in N+, the definition of the characteristic submanifold implies
that the inclusion V → N+ is homotopic to a map of V into Σ. Since N+ contains at least
one incompressible torus, we have Σ 6= ∅.
If V is an incompressible torus in intL, then since the inclusion map j : V → N+ is homotopic
to a map of V into Σ, and since ∂L is incompressible, it follows that j is homotopic in L to
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a map of V into ∂L, which by pi1-injectivity can be taken to be a covering map from V to
a component V ′ of ∂L. It then follows by [45, Lemma 5.1] that V and V ′ are parallel in L.
This shows that every incompressible torus in intL is boundary-parallel in L.
Since L does not admit a Seifert fibration, and every incompressible torus in intL is boundary-
parallel in L, it follows from Lemma 6.1 that L is acylindrical. After an isotopy we may
assume that ∂L ⊂ intN . Then (L ∩ N)+ = L. Note also that L is a proper submanifold
of N+, since it is a component of N+ − Σ and since Σ 6= ∅. In particular, there exists a
compact, proper submanifold K of N such that the components of FrN K are incompressible
tori, and K+ is acylindrical. We may choose such a K so that FrN K is contained in intN
and in general position with respect to ΣN, and so that, for every submanifold K
′ of N such
that (K ′)+ is isotopic to K+ in N+, and FrN K ′ is contained in intN and in general position
with respect to ΣN, we have wt(FrN K
′) ≥ wt(FrN K). Set T = FrK and P = ω(T ).
It now suffices to prove that every component of P is incompressible in N, and that
χ(kish(ω(K))) ≥ λN/4. Suppose to the contrary that some component of P is compressible
in N, or that all its components are incompressible but that χ(kish(ω(K))) < λN/4. This
means that one of the alternatives (i) or (ii) of the hypothesis of Lemma 8.3 holds. Since
K+ is acylindrical, Alternative (a) of 8.3 also holds. Hence there is a submanifold K1 that
satisfies the conclusions of Lemma 8.3. In particular, K+1 is isotopic to K
+ in N+, and FrK1
is contained in intN and in general position with respect to ΣN, and has weight strictly less
than wt T . This contradiction to the minimality of wt T completes the proof of 8.5.1.
Now since the components of P := ω(FrN K) are incompressible in N by 8.5.1, the definitions
of δ(N) and σ(N†P) (see 5.3) imply that
(8.5.2) δ(N) ≥ σ(N†P) = 12χ(kish(N†P)) = 12(χ(kish(ω(K))) + χ(kish(ω(N −K)))).
Since χ(kish(ω(K))) ≥ λN/4 by 8.5.1, and χ(kish(ω(N −K))) ≥ 0 by Proposition 4.5, it
follows from (8.5.2) that δ(N) ≥ 3λN, and Assertion (1) is proved.
Let us now turn to Assertion (2). Suppose, in addition to the general hypotheses of the
proposition, that N+ is a graph manifold, that λN = 2, and that h(N) ≥ 8. Then the
hypotheses of Lemma 8.4 hold with m = 3. Hence there is a compact submanifold K of
N such that the conclusions of Lemma 8.4 hold with m = 3. Thus K and N −K are
connected, and min(h(K), h(N −K)) ≥ 3. Furthermore, T := FrN K is in general position
with respect to ΣN; the components of P := ω(T ) are incompressible in N; and either
(A) χ(kish(ω(K))) ≥ 1, or (B) χ(kish(ω(K))) ≥ λN/4 = 1/2 and wt∗ T < 4. By the
definitions of δ(N) and σ(N†P), the inequality (8.5.2) holds in this context. If (A) holds, then
since χ(kish(ω(N −K))) ≥ 0, the right hand side of (8.5.2) is bounded below by 12; hence
δ(N) ≥ 12, so that the conclusion of (2) is true when (A) holds.
Now suppose that (B) holds. We claim:
(8.5.3) χ(kish(ω(N −K))) ≥ 1/2.
To prove (8.5.3), suppose that χ(kish(ω(N −K))) < 1/2. Since (B) holds we have wt∗ T < 4;
since in addition wt∗ T is divisible by λN = 2 by 8.1, we have wt∗ T ≤ 2. Set K∗ = N −K.
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We will apply Lemma 8.3, with K∗ playing the role of K in that lemma. We have observed
that K∗ is connected, and that the components of T = FrN K∗ are incompressible tori, in
general position with respect to ΣN. Since K
∗ = N −K is connected, and h(K∗) ≥ 3,
Alternative (b) of the hypothesis of Lemma 8.3 holds with K∗ playing the role of K in that
lemma. Since the components of P := ω(FrN K
∗) are incompressible in N, and since we have
assumed that χ(kish(ω(N −K))) < 1/2 = λN/4, Alternative (ii) of the hypothesis of Lemma
8.3 holds. Hence there is a compact, connected 3-manifold K∗1 ⊂ N such that the conclusions
of Lemma 8.3 hold with K∗1 and K
∗ playing the roles of K1 and K respectively. In particular,
K∗1 is a proper, non-empty submanifold of N , so that T1 := FrN K∗1 6= ∅; every component
of FrN K
∗
1 is an incompressible toric suborbifold of intN ; and we have wt T1 < wt T ≤ 2.
Since λN = 2, Lemma 8.3 also guarantees that max(wtN(T )− wtN(T1),wtN(T1)) ≥ 2. Since
wt T1 < 2, it follows that wtN(T1) ≤ wtN(T )− 2 ≤ 0, i.e. T1 ∩ΣN = ∅. Thus any component
of ω(T1) = T1 6= ∅ is an incompressible torus in N; this is a contradiction since N is strongly
atoral(see 2.29). This completes the proof of (8.5.3).
It follows from (8.5.3), together with the inequality χ(kish(ω(K))) ≥ 1/2 which is contained
in Condition (B), that the right hand side of (8.5.2) is again at least 12, so that δ(N) ≥ 12
as required. 
Lemma 8.6. Let N be a compact, orientable, strongly atoral, boundary-irreducible 3-orbifold
containing no embedded negative turnovers. Suppose that λN = 2. Set N = |N|. Suppose that
each component of ∂N is a sphere, that N is +-irreducible, and that there is an acylindrical
manifold Z ⊂ N+ such that
• FrN Z is a single torus which is incompressible in N+, and
• h(Z) ≤ h(N)− 2.
Then δ(N) ≥ 12.
Proof. After an isotopy we may assume that ∂Z ⊂ intN . Then (Z∩N)+ = Z. In particular,
there exists a submanifoldW ofN such thatW+ is acylindrical (and in particular connected),
FrN W is a single torus which is contained in intN and is incompressible in N
+, and h(W ) ≤
h(N)− 2.
We may choose such a W so that T := FrN W is in general position with respect to ΣN,
and so that, for every submanifold W ′ of N such that FrN W is contained in intN and in
general position with respect to ΣN, and such that (W
′)+ is isotopic to W+ in N+, we have
wt(FrN W
′) ≥ wtT .
We will apply Lemma 8.3, letting W play the role of K. Since W+ is acylindrical, Alternative
(a) of Lemma 8.3 holds. If one of the alternatives (i), (ii) or (ii′) of Lemma 8.3 also holds,
then Lemma 8.3 gives a submanifold W1 of N such that W
+
1 is isotopic to W
+ in N+,
and FrN W1 is contained in intN , is in general position with respect to ΣN and has weight
strictly less than wtT , a contradiction to the minimality of wtT . Hence Alternatives (i),
(ii), and (ii′) of Lemma 8.3 must all fail to hold. Since Alternative (i) fails to hold, ω(T ) is
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incompressible in N. Since Alternative (ii) fails to hold, we have
(8.6.1) χ(kish(ω(W ))) ≥ 1/2.
Since Alternative (ii′) fails to hold, either wt∗N T < 4 or χ(kish(ω(W ))) ≥ 1. But by 8.1, wt∗ T
is divisible by λN = 2; the definition of wt
∗ T given in 8.1 also implies that wtT ≤ wt∗ T .
Hence
(8.6.2) χ(kish(ω(W ))) ≥ 1 or wtT ≤ 2.
Now since ω(T ) is incompressible in N the definitions of δ(N) and σ(N†ω(T )) (see 5.3) imply
that
(8.6.3) δ(N) ≥ σ(N†ω(T )) = 12χ(kish(N†ω(T ))) = 12(χ(kish(ω(W ))) + χ(kish(ω(N −W )))).
If the first alternative of (8.6.2) holds, i.e. if χ(kish(ω(W ))) ≥ 1, then it follows from (8.6.3)
that δ(N) ≥ 12, which is the conclusion of the lemma.
It remains to consider the case in which the second alternative of (8.6.2) holds, i.e. wtT ≤ 2.
In this case, we will make a second application of Lemma 8.3, this time taking K = N −W .
According to Lemma 6.5, we have h(N) ≤ h(W ) + h(N −W ) − 1, so that h(N −W ) ≥
h(N) − h(W ) + 1. Since h(W ) ≤ h(N) − 2, it follows that h(N − W ) ≥ 3. Since W
is connected, Alternative (b) of Lemma 8.3 is now seen to hold with K = N −W . If
Alternative (ii) of Lemma 8.3 also holds with this choice of K, then since λN = 2, Lemma
8.3 gives a proper, non-empty, compact submanifold K1 of N , whose frontier components are
incompressible tori in N , such that T1 := FrN K1 has weight less than wtT . Since λN = 2,
Lemma 8.3 also guarantees that max(wtT − wtT1,wtT1) ≥ 2. But wtT1 < wtT ≤ 2, and
hence wtT −wtT1 ≥ 2, i.e. wtT1 ≤ wtT − 2 ≤ 0. This means that T1 ∩K1 = ∅, and so any
component of ω(T1) = T1 is an incompressible toric suborbifold of N. This is a contradiction
since N is strongly atoral(see 2.29). Hence Alternative (ii) of Lemma 8.3 must fail to hold
with K = N −W . As we have already seen that ω(T ) = ω(FrN(N −W )) is incompressible,
this means that
(8.6.4) χ(kish(ω(N −W ))) ≥ 1/2.
It now follows from (8.6.3), (8.6.1) and (8.6.4) that δ(N) ≥ 12. 
9. Homology of underlying manifolds
Proposition 9.1. If an orientable hyperbolic manifold M has at least two cusps then volM ≥
Voct (see 5.7).
Proof. We may of course assume that volM < ∞. If M has exactly two cusps, the result
follows from [1, Theorem 3.6]. If M has more than two cusps, it is a standard consequence
of Thurston’s hyperbolic Dehn filling theorem [6, Chapter E] that there is a hyperbolic
manifold M ′ having exactly two cusps which can be obtained from M by Dehn filling, and
that vol(M ′) < vol(M). Since vol(M ′) ≥ Voct, we have vol(M ′) > Voct in this case. 
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Proposition 9.2. Let N be a compact, strongly atoral, boundary-irreducible, orientable 3-
orbifold containing no embedded negative turnovers. Set N = |N|. Suppose that every
component of ∂N is a sphere, that N is +-irreducible, and that ζ0(N) ≤ 3.44. (See 5.3.)
Then the following conclusions hold.
(1) If λN = 2 then h(N) ≤ 7.
(2) If λN = 2 and h(N) ≥ 4 then either θ(N) > 4 or δ(N) ≥ 6.
(3) If λN = 2 and h(N) ≥ 6 then either θ(N) > 10 or δ(N) ≥ 6.
(4) If h(N) ≥ 4 then either θ(N) > 4 or δ(N) ≥ 3.
Proof. The hypothesis and the definition of ζ(N) (see 5.3) give
(9.2.1) ζ(N) =
ζ0(N)
0.305
≤ 3.44
0.305
< 11.
Set M = N+, so that M is a closed, orientable 3-manifold. The +-irreducibility of N means
that M is irreducible. We have h(M) = h(N).
By (5.3.1) and the hypothesis of the present proposition, we have volASTA(N) ≤ ζ0(N) ≤ 3.44.
Hence by Proposition 5.11, we have
(9.2.2) volG M ≤ volASTA(N) ≤ 3.44.
Because of the equivalence between the PL and smooth categories for 3-manifolds, M has a
smooth structure compatible with its PL structure, and up to topological isotopy, the smooth
2-submanifolds of M are the same as its PL 2-submanifolds. This will make it unnecessary
to distinguish between smooth and PL tori in the following discussion.
Consider the case in which M (regarded as a smooth manifold) is hyperbolic. In this case,
we have volM = volG M by [6, Theorem C.4.2], and (9.2.2) gives
volM ≤ volASTA(N) ≤ 3.44.
According to [23, Theorem 1.7], any closed, orientable hyperbolic 3-manifold M of volume
at most 3.44 satisfies h(M) ≤ 7. This establishes Conclusion (1) in this case.
According to [2, Theorem 1.1], any closed, orientable hyperbolic 3-manifold M of volume at
most 1.22 satisfies h(M) ≤ 3. Hence if h(N) ≥ 4, we have
volM > 1.22.
But since volGM = volM by [6, Theorem C.4.2], the definition of θ(N) (see 5.3) gives
θ(N) = vol(M)/0.305. Hence θ(N) > 1.22/0.305 = 4. This establishes conclusions (2) and
(4) in this case.
According to [22, Theorem 1.2], any closed, orientable hyperbolic 3-manifold M of volume
at most 3.08 satisfies h(M) ≤ 5. Hence if h(N) ≥ 6, we have volM > 3.08, and therefore
θ(N) = vol(M)/0.305 > 3.08/0.305 > 10. This establishes conclusion (3) in this case, and
completes the proof of the proposition in the case where M is hyperbolic.
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Now consider the case in which M is not hyperbolic. Since M is irreducible, it follows from
Perelman’s geometrization theorem [7], [16], [34], [38], that there is a (possibly empty) 2-
manifold T ⊂ M , each component of which is an incompressible torus, such that for each
component C of M −T , either Ĉ is a Seifert fibered space, or C admits a hyperbolic metric
of finite volume; in the latter case, we will say more briefly that C is hyperbolic.
We claim:
9.2.3. If h(N) ≥ 4 then M contains at least one incompressible torus.
Note that 9.2.3 is obvious if T 6= ∅. If T = ∅, then since M is not itself hyperbolic, M must
be a Seifert fibered space. But since h(N) ≥ 4, it follows from Lemma 6.2 that M contains
an incompressible torus. Thus 9.2.3 is established.
If h(N) ≥ 4, then by 9.2.3 and Assertion (1) of Proposition 8.5, we have δ(N) ≥ 3λN. Thus
in particular we have δ(N) ≥ 3; and if, in addition to assuming h(N) ≥ 4, we assume λN = 2,
then δ(N) ≥ 6. This establishes Conclusions (2), (3) and (4) in this case.
To prove Conclusion (1) in this case, let Ch denote the set of all hyperbolic components of
M − T . (The set Ch may be empty.) Since M is not itself hyperbolic, we have ∂Ĉ 6= ∅ for
any C ∈ Ch.
It follows from [43, Theorem 1], together with the fact (see [44, Section 6.5]) that the volume
of a finite-volume hyperbolic 3-manifold is equal to the relative Gromov volume of its compact
core, that
∑
C∈Ch vol(C) = volG M . With (9.2.2), this gives
(9.2.4)
∑
C∈Ch
vol(C) ≤ 3.44.
Since ∂Ĉ 6= ∅ for each C ∈ Ch, each hyperbolic manifold in the collection Ch has at least one
cusp. Hence by [15, Theorem 1.1], we have
(9.2.5) vol(C) ≥ 2V = 2.029 . . . for each C ∈ Ch,
where V is the volume of the ideal regular tetrahedron in hyperbolic 3-space. It follows from
(9.2.4) and (9.2.5) that card Ch ≤ 1.
Let us now distinguish two subcases, according as Ch = ∅ or card Ch = 1. In each of these
subcases, we will show that Conclusion (1) of the proposition holds.
In the subcase Ch = ∅, the manifold M = N+ is by definition a graph manifold. To prove
Conclusion (1) in this subcase, note that if λN = 2 and h(M) ≥ 8, we may apply Assertion (2)
of Proposition 8.5 to deduce that δ(N) ≥ 12. By Corollary 5.9, we therefore have ζ(N) ≥ 12,
a contradiction to (9.2.1). Thus (1) holds in this subcase.
There remains the subcase in which card Ch = 1. Let C0 denote the unique element of Ch.
Then C0 is a (connected) finite-volume, orientable hyperbolic 3-manifold with at least one
cusp. According to (9.2.4) we have vol(C0) ≤ 3.44. On the other hand, if C0 had at least
two cusps, we would have volC0 ≥ Voct = 3.66 . . . by Proposition 9.1. Hence C0 has exactly
one cusp, i.e. ∂Ĉ0 is a single torus.
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According to [19, Theorem 6.2], if Y is a complete, finite-volume, orientable hyperbolic 3-
manifold having exactly one cusp, and if h(Y ) ≥ 6, then vol(Y ) > 5.06. Since C0 has exactly
one cusp, and since vol(C0) ≤ 3.44 by (9.2.4), we have h(C0) ≤ 5. Thus if we assume that
λN = 2 and h(N) ≥ 7, we have h(C0) ≤ h(N) − 2. Since C0 is acylindrical by Lemma 6.1,
we may apply Lemma 8.6, with Z = C0, to deduce that δ(N) ≥ 12. By Corollary 5.9, we
therefore have ζ(N) ≥ 12, a contradiction to (9.2.1). Hence in this subcase λN = 2 implies
h(M) ≤ 6, and in particular Conclusion (1) holds in this subcase as well.

The following result was mentioned in the introduction as Proposition B:
Proposition 9.3. Let M be a closed, orientable, hyperbolic 3-orbifold such that MPL con-
tains no embedded negative turnovers. Suppose that M := |M| is irreducible. Then:
• If λM = 2 and vol(M) ≤ 3.44 then h(M) ≤ 7.
• If λM = 2 and vol(M) ≤ 1.22, then h(M) ≤ 3.
• If λM = 2 and vol(M) < 1.83, then h(M) ≤ 5.
• If vol(M) < 0.915, then h(M) ≤ 3.
Proof. Note that the hypothesis of each of the assertions implies that volM ≤ 3.44. Accord-
ing to Corollary 5.6 and the hypothesis, we then have ζ0(MPL) = volM ≤ 3.44. Furthermore,
the hyperbolicity of M implies that MPL is strongly atoral (see 2.29). Thus the hypotheses
of Proposition 9.2 hold with MPL and M playing the respective roles of N and N . Note that
λMPL = λM. According to Assertion (1) of Proposition 9.2, if λM = 2, we have h(M) ≤ 7,
which is the first conclusion of the present proposition.
To prove the remaining conclusions, note that Corollary 5.12 gives ζ(MPL) ≥ θ(MPL), and
that Corollary 5.9 gives ζ(MPL) ≥ δ(MPL). Hence ζ(MPL) ≥ max(θ(MPL), δ(MPL)). In
view of the definition of ζ(MPL) (see 5.3), this means that ζ0(MPL)/0.305 ≥ max(θ(MPL), δ(MPL)).
Again using that volM = ζ0(MPL) by Corollary 5.6, we deduce:
(9.3.1) vol(M) ≥ 0.305 max(θ(MPL), δ(MPL)).
If λN = 2 and and vol(M) ≤ 1.22, it follows from (9.3.1) that max(θ(MPL), δ(MPL)) ≤ 4,
which by Assertion (2) of Proposition 9.2 implies that h(M) ≤ 3. This is the second assertion
of the present proposition.
If λN = 2 and and vol(M) < 1.83, it follows from (9.3.1) that max(θ(MPL), δ(MPL)) < 6,
which by Assertion (3) of Proposition 9.2 implies that h(M) ≤ 5. This is the third assertion
of the present proposition.
If vol(M) < 0.915, it follows from (9.3.1) that max(θ(MPL), δ(MPL)) < 3, which by Assertion
(4) of Proposition 9.2 implies that h(M) ≤ 3. This is the fourth assertion of the present
proposition. 
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10. A bound for orbifold homology
The following result was stated in the introduction as Proposition A.
Proposition 10.1. Let M be a closed, orientable, hyperbolic 3-orbifold such that ΣM is a
link. Then M is covered with degree at most 2 by some orbifold M˜ such that
dimZ2 H1(M;Z2) ≤ 1 + h(|M˜|) + h(|M|).
Proof. Set M = |M|. Let η : H1(M;Z2) → H1(M ;Z2) denote the canonical surjection. Let
T1, . . . , Tm denote the components of ΣM. For i = 1, . . . ,m, let Ci denote a simple closed
curve bounding a disk which meets Ti transversally in one point, and is disjoint from Tj for
each j 6= i. Then Ci defines an element ci of H1(M;Z2), and the elements c1, . . . , cm span
the vector space K := ker η. Hence k := dimK ≤ m, and after possibly re-indexing the Ti,
we may assume that c1, . . . , ck form a basis for K.
Now set h = h1(M). Since η is surjective, there are elements e1, . . . , eh of H1(M;Z2) such
that η(e1), . . . , η(eh) form a basis of H1(M ;Z2). Then c1, . . . , ck, e1 . . . , eh form a basis of
H1(M;Z2). If k = 0 then K = 0, so that dim(H1(M;Z2)) = h(M). Hence in this case, the
conclusion is trivially true if we take M˜ = M, a one-sheeted covering. We may therefore
assume that k > 0.
Define a homomorphism φ : H1(M;Z2) → Z2 by setting φ(ci) = 1 for i = 1, . . . , k and
φ(ej) = 0 for j = 1, . . . , h. After possibly re-indexing the ci for k < i ≤ m, we may assume
that there is an integer r with k ≤ r ≤ m such that φ(ci) = 1 for 1 ≤ i ≤ r and φ(ci) = 0
for r < i ≤ m. The homomorphism φ : H1(M;Z2) → Z2 is non-zero since k > 0, and
therefore defines a two-sheeted covering of the orbifold M, say p : M˜ → M. If we regard
p as a map from M˜ := |M˜| to M , it is a branched covering map whose branch locus is
T1∪ . . .∪Tr. Hence T˜i := p−1(Ti) is a simple closed curve for i = 1, . . . , r, and the non-trivial
deck transformation is an involution τ : M˜ → M˜ with Fix τ = T˜1 ∪ · · · ∪ T˜r.
According to the Smith inequality (see [13, p. 126, Theorem 4.1]), we have
(10.1.1)
∑
d≥0
dimHd(Fix(τ);Z2) ≤
∑
d≥0
dimHd(M˜ ;Z2).
(In general this inequality holds if τ is an order-p homeomorphism for a given prime p, and
homology with coefficients in Zp is used; in this application we have p = 2.)
Since Fix(τ) is a disjoint union of r simple closed curves, the left hand side of (10.1.1) is
2r. By Poincare´ duality, the right hand side of (10.1.1) is 2 + 2h(M˜). Hence r ≤ 1 + h(M˜).
Since c1, . . . , ck, e1 . . . , eh form a basis of H1(M;Z2), we have
dimH1(M;Z2) = h+ k ≤ h+ r ≤ h+ 1 + h(M˜),
which gives the conclusion. 
The following result was stated in the introduction as Proposition C.
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Proposition 10.2. Let M be a closed, orientable, hyperbolic 3-orbifold such that ΣM is a
link, and such that pi1(M) contains no hyperbolic triangle group. Suppose that |M| is ir-
reducible, and that |M˜| is irreducible for every two-sheeted (orbifold) covering M˜ of M. If
volM ≤ 1.72 then dimH1(M;Z2) ≤ 15. Furthermore, if volM ≤ 1.22 then dimH1(M;Z2) ≤
11, and if volM ≤ 0.61 then dimH1(M;Z2) ≤ 7.
Proof. According to Proposition 10.1, M is covered with degree at most 2 by an orbifold M˜
such that
(10.2.1) dimZ2 H1(M;Z2) ≤ 1 + h(|M˜|) + h(|M|).
Since M has a link as its singular set, so does M˜; thus λM = λM˜ = 2. Since pi1(M)
contains no hyperbolic triangle group, it follows from Corollary 2.36 that neither MPL nor
M˜PL contains any embedded negative turnover. The hypothesis implies that |M| and |M˜|
are both irreducible. If volM ≤ 1.72, then volM and vol M˜ = 2 volM are both bounded
above by 3.44; it then follows from Proposition 9.3 that h(|M|) and h(|M˜|) are both bounded
above by 7. We therefore have dimZ2 H1(M;Z2) ≤ 15 by (10.2.1). If volM ≤ 1.22, then
Proposition 9.3 gives h(|M|) ≤ 3; and since vol M˜ ≤ 2.44 < 3.44, Proposition 9.3 also gives
h(|M˜|) ≤ 7, so that dimZ2 H1(M;Z2) ≤ 11 by (10.2.1). Likewise, if volM ≤ 0.61, then volM
and vol M˜ = 2 volM are both bounded above by 1.22; it then follows from Proposition 9.3
that h(|M|) and h(|M˜|) are both bounded above by 3, so that dimZ2 H1(M;Z2) ≤ 7 by
(10.2.1). 
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